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Abstract The nonlinear complementarity problem (denoted by NCP(F)) can be refor-
mulated as the solution of a nonsmooth system of equations. In this paper, we propose a
new smoothing and regularization Newton method for solving nonlinear complementarity
problem with P0-function (P0-NCP). Without requiring strict complementarity assumption
at the P0-NCP solution, the proposed algorithm is proved to be convergent globally and
superlinearly under suitable assumptions. Furthermore, the algorithm has local quadratic con-
vergence under mild conditions. Numerical experiments indicate that the proposed method
is quite effective. In addition, in this paper, the regularization parameter ε in our algorithm
is viewed as an independent variable, hence, our algorithm seems to be simpler and more
easily implemented compared to many previous methods.

Keywords Nonlinear complementarity problem · P0-Function · Smoothing and
regularization Newton method · Global convergence · Superlinear/quadratic convergence ·
Numerical experiment

1 Introduction

The nonlinear complementarity problem with P0-function (denoted by P0-NCP): to find a
vector x ∈ Rn such that

x ≥ 0, F(x) ≥ 0, 〈x, F(x)〉 = 0. (1.1)

where 〈·, ·〉 is the Euclidean inner product and F : Rn → Rn are continuously differentiable
P0-function, that is,
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Definition 1.1
(1) A matrix M ∈ Rn is said to be a P0-matrix if all its principal minors are nonnegative.
(2) A function F : Rn → Rn is said to be a P0-function if for all x, y ∈ Rn with x �= y,

there exists an index i0 ∈ N such that

xi0 �= yi0 , (xi0 − yi0)[Fi0(x) − Fi0(y)] ≥ 0.

The nonlinear complementarity problems have various important applications in many
fields [1,2]. The NCP has been utilized as a general framework for quadratic programming,
linear complementarity, and the other mathematical programming problems. Different con-
cepts have been developed to treat this problem. In the last few years growing attention
has been paid to diverse approaches which employ a reformulation of NCP as a system of
nonlinear equations or a minimization problem [3–9].

Recently, there have been strong interests in smoothing Newton methods for solving the
linear/nonlinear complementarity problems [9–20]. Lastly, Zhang et al. [21] have proposed a
one-step smoothing Newton method for solving the nonlinear complementarity problem with
P0-function based on the smoothing symmetric perturbed Fischer function. Their algorithm
solves only one linear system of equations and performs only one line search per itera-
tion. Without requiring strict complementarity assumption at the P0-NCP solution, it has
been shown that the algorithm converges globally and superlinearly under mild conditions.
Furthermore, the algorithm has local quadratic convergence under suitable conditions. Com-
pared to previous literatures, the algorithm has stronger convergence results under weaker
conditions.

It is well known that the regularization method is designed to handle ill-posed problems
which substitutes the solution of original problem with the solution of a sequence of well-
defined problems whose solutions converging to the solution of the original problem. In the
context of this paper, we consider the regularization method of NCP (1.1), which consists of
solving a sequence of complementarity problems NCP(Fε):

x ≥ 0, Fε(x) ≥ 0, 〈x, Fε(x)〉 = 0, (1.2)

where ε > 0 is a regularization parameter tending to zero and Fε is given by

Fε(x) = F(x) + εx . (1.3)

In this paper, we present a smoothing and regularization Newton method for solving the
nonlinear complementarity problem with P0-function. In our algorithm, the regularization
parameter ε is viewed as an independent variable, hence, our algorithm seems to be sim-
pler and more easily implemented compared to many previous literatures. Without requiring
strict complementarity assumption at the P0-NCP solution, the proposed algorithm is proved
to be convergent globally and superlinearly under suitable assumptions. Furthermore, the
algorithm has local quadratic convergence under mild conditions.

The rest of this paper is organized as follows. In Sect. 2, we state some preliminaries.
In Sect. 3, we present a smoothing and regularization Newton method for the P0-NCP. In
Sects. 4 and 5, we establish the global, superlinear/quadratic convergence of the proposed
algorithm, respectively. Some numerical results are reported in Sect. 6. Conclusions are given
in Sect. 7.

The following notations will be used throughout this paper. All vector are column vectors,
the superscript T denotes transpose, Rn (respectively, R) denotes the space of n-dimen-
sional real column vectors (respectively, real numbers), Rn+ and Rn++ denote the nonnegative
and positive orthants of Rn , R+ (respectively, R++) denotes the nonnegative (respectively,
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positive) line in R. We define N := {1, 2, . . . , n}. For any vector u ∈ Rn , we denote by
diag{ui : i ∈ N } the diagonal matrix whose i th diagonal element is ui and vec{ui : i ∈ N }
the vector u. For simplicity, we use (u; v) for the column vector (uT ; vT )T . The matrix I
represents the identity matrix of arbitrary dimension. The symbol ‖ · ‖ stands for the 2-norm.
We denote by S the solution set of (1.1). For any α, β ∈ R++, α = O(β) (respectively,
α = o(β)) means α/β is uniformly bounded (respectively, tends to zero) as β → 0.

2 Preliminaries

We consider the following the Fischer–Burmeister NCP-function φF B [22]:

φF B(a, b) = a + b −
√

a2 + b2. (2.1)

The Fischer–Burmeister function has many interesting properties. However, it is not differen-
tiable at (a, b) = (0, 0), which limits its applications in dealing with nonlinear complemen-
tarity problems. Many smoothing NCP-functions based on the Fischer–Burmeister function
(2.1) have been presented for solving the nonlinear complementarity problems (1.1) (see
[12,13,23]).

In this paper, we use the following smoothing function to approximate the Fischer–Bur-
meister NCP-function φF B :

φ(μ, a, b) = a + b −
√

a2 + b2 + 2μ2 (2.2)

where μ > 0 is a smoothing parameter. The smoothing NCP-function possesses a few nice
properties. The following lemma illustrates some simple properties.

Lemma 2.1 For any (μ, a, b) ∈ R+ × R2, we have

(a) φ(0, a, b) = φF B(a, b);
(b) φ(μ, a, b) = 0 if and only if a ≥ 0, b ≥ 0 and ab = μ2.

Lemma 2.1 illustrates that the function φ(μ, a, b) defined by (2.2) is indeed a smoothing
approximation function of the Fischer-Burmeister function φF B(a, b). Moreover, we have
the following result.

Lemma 2.2 For any μ1, μ2 ∈ R++, we have

|φ(μ1, a, b) − φ(μ2, a, b)| <
√

2|μ1 − μ2|. (2.3)

By simple calculation, for any μ ∈ R++, we have

φ′
μ(μ, a, b) = − 2μ

√
a2 + b2 + 2μ2

, (2.4)

φ′
a(μ, a, b) = 1 − a

√
a2 + b2 + 2μ2

, (2.5)

φ′
b(μ, a, b) = 1 − b

√
a2 + b2 + 2μ2

. (2.6)

It is not difficult to see that φ′
μ, φ′

a and φ′
b are continuous with μ > 0. Then, from (2.5)–(2.7),

we have the following results.

Lemma 2.3 For any (μ, a, b) ∈ R+ × R2, we have

0 < φ′
a(μ, a, b) < 2 and 0 < φ′

b(μ, a, b) < 2. (2.7)
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Lemma 2.4 Let μ > 0 and the function φ : R+ × R2 be defined by (2.2). Let {ak}, {bk}
be any two sequences such that ak, bk → +∞ or ak → −∞ or bk → −∞. Then for any
(μ, a, b) ∈ R+ × R2, we have |φ(μ, ak, bk)| → +∞.

In this paper, we consider the smoothing regularization method for solving NCP (1.1).
Let Fε,i denote the i-th component of Fε. Using smoothing NCP-function (2.2), we define
the mapping � : R+ × R+ × Rn → Rn by

�(ε,μ, x) =
⎛

⎜
⎝

φ(μ, x1, Fε,1(x))
...

φ(μ, xn, Fε,n(x))

⎞

⎟
⎠. (2.8)

Then, the regularized problem NCP(Fε) for any given ε ≥ 0 can be reformulated as

�(ε,μ, x) = 0 and μ = 0,

which leads to a merit function � : Rn+2 → R+ for the NCP(Fε):

�(ε, μ, x) = 1

2
‖�(ε,μ, x)‖2 = 1

2

n∑

i=1

φ(μ, xi , Fε,i (x))2. (2.9)

Let z := (ε, μ, x) ∈ R+ × R+ × Rn and

H(z) := H(ε, μ, x) :=
⎛

⎝
ε

μ

�(ε, μ, x)

⎞

⎠. (2.10)

Then, it is easily verified that the P0-NCP (1.1) is equivalent to the following system of
equations

H(z) = 0, (2.11)

which naturally induces a merit function � : Rn+2 → R+ given by

�(z) = 1

2
‖H(z)‖2 = 1

2

(
ε2 + μ2 + ‖�(z)‖2) = 1

2

(
ε2 + μ2) + �(z). (2.12)

By (2.4)–(2.6), it is not difficult to see that H(·) is continuously differentiable at any
z = (ε, μ, x) ∈ R++ × R++ × Rn with its Jacobian

H ′(z) =
⎛

⎝
1, 0, 0
0, 1, 0

u(z), v(z), D1(z) + D2(z)[F ′(x) + ε I ]

⎞

⎠ , (2.13)

where

u(z) := vec
{
ui = φ′

ε(μ, xi , Fε,i (x)) : i ∈ N
}
,

v(z) := vec
{
vi = φ′

μ(μ, xi , Fε,i (x)) : i ∈ N
}
,

D1(z) := diag {a1(z), a2(z), . . . , an(z)} ,

D2(z) := diag {b1(z), b2(z), . . . , bn(z)}
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with

ui (z) = xi − xi (Fi (x) + εxi )√
x2

i + (Fi (x) + εxi )2 + 2μ2

vi (z) = − 2μ
√

x2
i + (Fi (x) + εxi )2 + 2μ2

ai (z) = 1 − xi√
x2

i + (Fi (x) + εxi )2 + 2μ2
,

bi (z) = 1 − Fi (x) + εxi√
x2

i + (Fi (x) + εxi )2 + 2μ2
.

By Lemma 2.3 we obtain that

0 < ai (z) < 2 and 0 < bi (z) < 2 (2.14)

hold for all i ∈ N .

3 Algorithm

We now give our smoothing and regularization Newton algorithm for solving P0-NCP (1.1).
Let γ ∈ (0, 1) and z := (ε, μ, x) ∈ R++ × R++ × Rn . Define a real-value function
ρ : R++ × R++ × Rn → R++ by

ρ(z) := γ ‖H(z)‖ min{1, ‖H(z)‖}. (3.1)

Algorithm 3.1 (A Smoothing Newton Method )

Step 0 Choose parameters δ, σ ∈ (0, 1), ε0 > 0, μ0 > 0. Let ū := (ε0, μ0, 0) ∈ R++ ×
R++ × Rn and x0 ∈ Rn be an arbitrary initial point. Take z0 = (ε0, μ0, x0) and
choose parameter γ ∈ (0, 1) such that γ ‖H(z0)‖ < 1, γ ε0 < 0.5 and γμ0 < 0.5.
Set k := 0.

Step 1 Stop if ‖H(zk)‖ = 0. Otherwise, compute ρk := ρ(zk), where ρ(·) is defined by
(3.1).

Step 2 Solve the following equation to obtain zk := (μk,xk) :
H(zk) + H ′(zk)zk = ρk ū. (3.2)

Step 3 Let mk be the smallest nonnegative integer m such that

‖H(zk + δmzk)‖ ≤ [
1 − σ(1 − γμ0 − γ ε0)

] ‖H(zk)‖ (3.3)

and let λk := δmk .
Step 4 Set zk+1 := zk + λkzk and k := k + 1. Go to Step 1.

Assumption 3.1 The solution set S = {x ∈ Rn : x ≥ 0, F(x) ≥ 0, xT F(x) = 0} of NCP
(1.1) is nonempty and bounded.

Next, we recall some useful results.

Lemma 3.1 Let H : R++ × R++ × Rn → Rn+1 and �ε : R++ × R++ × Rn → Rn be
defined by (2.10) and (2.8), respectively. Then
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(a) �ε is continuously differentiable at any z = (ε, μ, x) ∈ R++ × R++ × Rn.
(b) H is continuously differentiable at any z = (ε, μ, x) ∈ R++ × R++ × Rn with its Jaco-

bian H ′(z) defined by (2.13). If F is a P0-function, then the matrix H ′(z) is nonsingular
on R++ × R++ × Rn.

Proof It is not difficult to see that �ε is continuously differentiable at any z = (ε, μ, x) ∈
R++ × R++ × Rn . We prove (a).

Next we prove (b). It follows from (2.10) and (a) that H is continuously differentiable on
R++ × R++ × Rn . And for any ε > 0 and μ > 0, by straightforward calculation we obtain
from (2.10) the Jacobian H ′(z), which is defined by (2.13). Then we obtain from (2.14) that
D1(z) and D2(z) are positive diagonal matrices for all z = (ε, μ, x) ∈ R++ × R++ × Rn .
By (2.13), in order to show that H ′(z) is nonsingular, we need only to prove that the matrix
D1(z)+ D2(z)[F ′(x)+ε I ] is. In fact, because F is a P0-function, F ′(x) must be a P0-matrix
for all x ∈ Rn by Theorem 5.8 in [24], which implies that F ′(x)+ε I is P-matrix. Therefore,
the matrix D1(z) + D2(z)[F ′(x) + ε I ] is nonsingular, which implies that the matrix H ′(z)
is also nonsingular. Hence, (b) is proved. �
Lemma 3.2 Assume that F is a P0-function and ε1, ε2, μ1, μ2 are given positive numbers
satisfying ε1 < ε2, μ1 < μ2. Then, H defined by (2.9) has the property:

lim
k→+∞ ‖H(zk)‖ = +∞ (3.4)

for any sequence {εk, μk, xk} such εk ∈ [ε1, ε2], μk ∈ [μ1, μ2] and ‖xk‖ → +∞.

Proof We prove the lemma by contradiction. In fact, if the lemma is not true, then there
exists a sequence {zk = (ε, μk , xk)} such that

ε1 ≤ εk ≤ ε2, μ1 ≤ μk ≤ μ2, ‖�(zk)‖ ≤ γ, ‖xk‖ → ∞, (3.5)

where γ > 0 is certain constant. Since the sequence {xk} is unbounded, then the index set
I := {i ∈ N : {xk

i } is unbounded} is nonempty. Without loss of generality, we can assume
that {|xk

j |} → +∞ for any j ∈ I. Let the sequence {x̂ k} be defined by

x̂ k
i =

{
0, if i ∈ I,

xk
i , if i �∈ I.

Then, {x̂ k} is bounded obviously. Noting that F is a P0-function, by Definition 1.1, we have

0 ≤ max
i∈N

(xk
i − x̂ k

i )[Fi (xk) − Fi (x̂ k)]
= max

i∈I
xk

i [Fi (xk) − Fi (x̂ k)]
= xk

j0 [Fj0(xk) − Fj0(x̂ k)], (3.6)

where j0 is one of the indices for which the max is attained, and j0 is assumed, without loss
of generality, to be independent of k. Since j0 ∈ I, we have

|xk
j0 | → +∞ as k → +∞. (3.7)

We now consider the following two cases:

(1) If xk
j0

→ +∞ as k → +∞, noting that Fj0(x̂ k) is bounded by the continuity of Fj0 ,

it follows from (3.6) that Fj0(x̂ k) does not tend to −∞. This implies that Fj0(xk) +
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εk xk
j0

→ +∞ as k → +∞. From Lemma 2.4 where xk
j0

→ +∞ and Fj0(xk)+εk xk
j0

→
+∞, we obtain that

|φ(μk, xk
j0 , Fεk , j0(xk))| → +∞.

(2) If xk
j0

→ −∞, then, by boundedness of Fj0(x̂ k), we obtain from (3.6) that Fj0(xk) ≤
Fj0(x̂ k). Noting that 0 < μ1 ≤ μk ≤ μ2, we also get from Lemma 2.4 that

|φ(μk, xk
j0 , Fεk , j0(xk))| → +∞.

In either case we obtain ‖�(zk)‖ → +∞, which contradicts with (3.5). �
Remark 3.1 Lemma 3.2 indicates that, under the assumption of F being a P0-function, the
level set

L(γ ) = {z = (ε, μ, x) ∈ R++ × R+ × Rn | ‖H(z)‖ ≤ γ }
is bounded.

Lemma 3.3 Assumption 3.1 holds and F is a P0-function. Suppose that {zk = (εk, μk, xk)}
is a infinite sequence such that for any k ≥ 0, εk > 0, μk > 0 and γk ≥ 0 satisfying

lim
k→+∞ εk = 0, lim

k→+∞ μk = 0, lim
k→+∞ γk = 0.

Furthermore, assume that xk satisfies the condition ‖�(εk, μk, xk)‖ ≤ γk for each k ≥ 0.
Then, the sequence {xk} is bounded and every accumulation point of {xk} is a solution of
NCP(F) (1.1).

4 Global convergence

In this section, we consider the global convergence of Algorithm 3.1. First, define the set

� := {z = (ε, μ, x) ∈ R++ × R++ × Rn : ε ≥ ρ(z)ε0, μ ≥ ρ(z)μ0}, (4.1)

where ρ(·) is defined in (3.1) and ε0, μ0 are given in Step 0 of Algorithm 3.1. The following
theorem show that Algorithm 3.1 is well-defined and generates an infinite sequence with
some good feature.

Theorem 4.1 Let z0 = (ε0, μ0, x0) ∈ R++ × R++ × Rn be given in Algorithm 3.1. Then
Algorithm 3.1 is well-defined and generates an infinite sequence {zk = (εk, μk, xk)} with
εk ∈ R++, μk ∈ R++ and zk ∈ � for each k ≥ 0.

Proof If μk > 0, because F is a continuously differentiable P0-function, it follows from
Lemma 3.2 (b) that the matrix H ′(zk) is nonsingular. So, Step 2 of Algorithm 3.1 is well-
defined at the k-th iteration. By (3.2) we have

εk = −εk + ρkε0 and μk = −μk + ρkμ0. (4.2)

Therefore, for any α ∈ (0, 1] we obtain that

εk + αεk = (1 − α)εk + αρkε0 > 0

and

μk + αμk = (1 − α)μk + αρkμ0 > 0.
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Let

ω(α) := H(zk + αzk) − H(zk) − αH ′(zk)zk . (4.3)

Note that F is continuously differentiable, which implies from (2.10) and Lemma 3.1(b) that
H(·) is continuously differentiable around zk . Hence, (4.3) implies that

‖ω(α)‖ = o(α). (4.4)

It follows from the definition of ρ(·) that

ρk ≤ γ ‖H(zk)‖ and ρk ≤ γ ‖H(zk)‖2. (4.5)

Hence, for any α ∈ (0, 1], we obtain from (3.2) and (4.3)–(4.5) that

‖H(zk + αzk)‖ = ‖ω(α) + (1 − α)H(zk) + αρk ū‖
≤ (1 − α)‖H(zk)‖ + αγ (ε0 + μ0)‖H(zk)‖ + o(α)

= [1 − (1 − γ ε0 − γμ0)α]‖H(zk)‖ + o(α),

which implies that there exists a constant ᾱ ∈ (0, 1] such that

‖H(zk + αzk)‖ ≤ [1 − σ(1 − γ ε0 − γμ0)α]‖H(zk)‖
holds for any α ∈ (0, ᾱ]. This indicates that Step 3 of Algorithm 3.1 is well-defined at the
k-th iteration. Thus, by (4.2) and Steps 3 and 4 of Algorithm 3.1, we have λk ∈ (0, 1] and

εk+1 = εk + λkεk = (1 − λk)εk + λkρkε0 > 0,

μk+1 = μk + λkμk = (1 − λk)μk + λkρkμ0 > 0.

Hence, from ε0 > 0, μ0 > 0 and the above statements, we obtain that Algorithm 3.1 is
well-defined and generates an infinite sequence {zk = (εk, μk, xk)} with εk > 0 and μk > 0
for each k ≥ 0.

Next we prove the second part of conclusion, that is, zk ∈ � for all k ≥ 0. We prove the
fact by mathematical induction on k. In fact, it is obvious that ρ(z0) ≤ γ ‖H(z0)‖ < 1, i.e.,
ε0 ≥ ρ0ε0 and μ0 ≥ ρ0μ0. So, z0 ∈ �. Suppose that zk ∈ �, i.e., εk ≥ ρkε0 and μk ≥ ρkμ0.
Then by (4.2) we have

εk+1 − ρk+1ε0 = (1 − λk)εk + λkρkε0 − ρk+1ε0

≥ ε0(ρk − ρk+1) (4.6)

and

μk+1 − ρk+1μ0 = (1 − λk)μk + λkρkμ0 − ρk+1μ0

≥ μ0(ρk − ρk+1). (4.7)

On one hand, if ‖H(zk)‖ < 1, then

ρk = γ ‖H(zk)‖2, (4.8)

or else,

ρk = γ ‖H(zk)‖. (4.9)

On the other hand, by (3.3) and the definition of ρ(·), we have

‖H(zk+1)‖ ≤ ‖H(zk)‖ (4.10)
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and

ρk+1 ≤ γ ‖H(zk+1)‖, ρk+1 ≤ γ ‖H(zk+1)‖2. (4.11)

Therefore, it follows from (4.6)–(4.7) together with (4.8)–(4.11) that

εk+1 − ρk+1ε0 ≥ 0 and μk+1 − ρk+1μ0 ≥ 0

which proves zk ∈ �. �
Lemma 4.1 Let H(·) be defined by (2.10) and {zk = (εk, μk, xk)} be the iteration sequence
generated by Algorithm 3.1. Then, the sequence {‖H(zk)‖} is convergent. If it does not
converge to zero, then {zk = (εk, μk, xk)} is bounded.

Proof By (3.3) and Theorem 4.1 we obtain that the sequence {‖H(zk)‖} is monotonically
decreasing and {zk} ⊂ �. Therefore, by the definition of ρk , it is not difficult to see that both
{‖H(zk)‖} and {ρk} are convergent. Then there exist h∗, ρ∗ ≥ 0 such that

lim
k→∞ ‖H(zk)‖ = h∗ and lim

k→∞ ρk = ρ∗. (4.12)

If {‖H(zk)‖} does not converge to zero, we have h∗ > 0 and ρ∗ = γ h∗ min{1, h∗} > 0.
Using (3.2) and {zk} ⊂ �, we obtain that

εk+1 = εk + λkεk = (1 − λk)εk + λkρkε0 ≤ μk

and

μk+1 = μk + λkμk = (1 − λk)μk + λkρkμ0 ≤ μk,

which implies that both {εk} and {μk} are bounded and

0 < ρ∗ε0 ≤ εk ≤ ε0 and 0 < ρ∗μ0 ≤ μk ≤ μ0, ∀k ≥ 0. (4.13)

If {zk = (εk, μk, xk)} is unbounded, it follows from (4.13) that the sequence {xk} is un-
bounded. Thus, by Lemma 3.3 we have

lim
k→+∞ ‖H(zk)‖ = +∞,

which violates (4.2). Hence, {zk} must be bounded, which completes the proof of the lemma.
�

Now we can prove the global convergence of Algorithm 3.1. we have the following results:

Theorem 4.2 Assume that the infinite sequence {zk = (εk, μk, xk)} is generated by Algo-
rithm 3.1. Then

(a) {‖H(zk)‖} and {μk} converge to zero as k → +∞, and hence any accumulation point
of {zk} is a solution of NCP (1.1);

(b) if Assumption 3.1 holds, {zk} is bounded and hence it has at least one accumulation
point z∗ = (ε∗, μ∗, x∗) with H(z∗) = 0 and x∗ ∈ S.

Proof By Lemma 4.1 we know that {‖H(zk)‖} converges to h∗ as k → ∞. Suppose that
{‖H(zk)‖} does not converge to zero. Then, h∗ > 0 and {zk} is bounded by Lemma 4.1.
Assume that z∗ = (ε∗, μ∗, x∗) is an accumulation point of zk = (εk, μk, xk). Without loss
of generality, we assume that {zk} converges to z∗. Then, by the continuity of H and the
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definition of ρ(·), we know that {εk}, {μk} and {ρk} converge to ε∗, μ∗ and ρ∗, respectively
and that

{
h∗ = ‖H(z∗)‖ > 0, ρ∗ = γ h∗ min{1, h∗} > 0,

0 < ρ∗ε0 ≤ ε∗ ≤ ε0, 0 < ρ∗μ0 ≤ μ∗ ≤ μ0.
(4.14)

Therefore, by (3.3), we have

lim
k→∞ λk = 0. (4.15)

On one hand, from Step 3 in Algorithm 3.1, we get

‖H(zk + δmk−1zk)‖ > [1 − σ(1 − γ ε0 − γμ0)δ
mk−1]‖H(zk)‖,

which implies that

‖H(zk + δmk−1zk)‖ − ‖H(zk)‖
δmk−1 > −σ(1 − γ ε0 − γμ0)‖H(zk)‖,

that is,

‖H(zk + δmk−1zk)‖2 − ‖H(zk)‖2

δmk−1

> −σ(1 − γ ε0 − γμ0)‖H(zk)‖
(
‖H(zk + δmk−1zk)‖ + ‖H(zk)‖

)
. (4.16)

Let k → ∞ in (4.16), by (4.14), we have

2H(z∗)T H ′(z∗)z∗ ≥ −2σ(1 − γ ε0 − γμ0)‖H(z∗)‖2. (4.17)

On the other hand, by (3.2), we have

H ′(z∗)z∗ = −H(z∗) + ρ∗ū,

i.e.,

H(z∗)T H ′(z∗)z∗ = −‖H(z∗)‖2 + ρ∗ H(z∗)T ū, (4.18)

Combining (4.17) and (4.18) we deduce that

[1 − σ(1 − γ ε0 − γμ0)]‖H(z∗)‖2 ≤ ρ∗ H(z∗)T ū ≤ ρ∗
√

ε2
0 + μ2

0‖H(z∗)‖.
Since ‖H(z∗)‖ > 0 we have

[1 − σ(1 − γ ε0 − γμ0)]‖H(z∗)‖
≤ ρ∗

√
ε2

0 + μ2
0 ≤ γ

√
ε2

0 + μ2
0‖H(z∗)‖

≤ γ (ε0 + μ0)‖H(z∗)‖, (4.19)

where the second inequality follows from ρ∗ ≤ γ ‖H(z∗)‖ and the third inequality follows

from
√

ε2
0 + μ2

0 ≤ (ε0 + μ0). Since ‖H(z∗)‖ > 0, then (4.19) implies that 1 − σ(1 − γ ε0 −
γμ0) ≤ γ (ε0 + μ0), i.e.,

(1 − σ)(1 − γ ε0 − γμ0) ≤ 0,

which contradicts with the fact σ < 1, γ ε0 < 0.5 and γμ0 < 0.5. Hence, we have h∗ = 0
(i.e., ‖H(z∗)‖ = 0), ε∗ = 0 and μ∗ = 0. Thus, H(z∗) = 0, that is, z∗ is a solution of NCP
(1.1), which prove (a).
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Next we prove (b). It follows from (a) that ‖H(zk)‖ → 0 as k → ∞. By (2.10) and (2.11),
we have

lim
k→∞ εk = 0, lim

k→∞ μk = 0 and lim
k→∞ ‖�(zk)‖ = 0.

Therefore, by the famous mountain pass theorem (Theorem 5.4 in [25]) and by following
the similar proof lines of Theorem 3.1 in [26], we get that {xk} is bounded and hence {zk} is.
Hence, {zk} has at least one accumulation point z∗ = (ε∗, μ∗, x∗). By (a), we have H(z∗) = 0
and ε∗ = μ∗ = 0, x∗ ∈ S. �

5 Superlinear/quadratic convergence

In this section, we analyze the rate of convergence for Algorithm 3.1. By Theorem 4.2 (b), we
know that Algorithm 3.1 generates a bounded iteration sequence {zk} ⊂ �. Let z∗ = (μ∗, x∗)
be an accumulation point of {zk}. Then, by Theorem 4.2 we have ε∗ = μ∗ = 0 and x∗ is
a solution of NCP (1.1). To establish the rate of convergence for Algorithm 3.1, we assume
that x∗ satisfies the nonsingularity condition but may not satisfy the strict complementarity.

In order to analyze the local superlinear/quadratic convergence of Algorithm 3.1, we need
the concept of semismoothness for vector value functions. The concept of semismoothness,
which was originally introduced by Mifflin [27] for functions and extended by Qi and Sun
[28] for vector-valued functions. Convex functions, smooth functions and piecewise linear
functions are examples of semismooth function. The composition of semismooth functions
is still a semismooth function [27]. Let F : Rn → Rn be a locally Lipschitz continuous
mapping. Then, from Rademacher’s theorem, F is differentiable almost everywhere and the
generalized Jacobian [29] is well-defined such that

∂F(x) = Co

{
lim

xk→x,xk∈DF
∇F(xk)T

}
,

where Co denotes a convex hull and DF denotes a set of points at which F is differentiable.
The function F is called semismooth at x ∈ Rn , if

lim
V ∈∂F(x+th′)

h′→h, t↓0

{V h′}

exists for any h ∈ Rn . The function F is further said to be strongly semismooth at x if F is
semismooth at x and for any V ∈ ∂F(x + h), h → 0,

F(x + h) − F(x) − V h = O(‖h‖2). (5.1)

Lemma 5.1 [28] Suppose that G : Rn → Rm is a locally Lipschitzian function. Then

(a) G(·) has generalized Jacobian ∂G(x) as in Clarke [29]. And G ′(x; h), the directional
derivative of G at x in the direction h, exists for any h ∈ Rn if G is semismooth at x.
Also, G : Rn → Rm is semismooth at x ∈ Rn if and only if all it component functions
are.

(b) G(·) is semismooth at x if and only if for any V ∈ ∂G(x + h), h → 0,

‖V h − G ′(x; h)‖ = o(‖h‖).
Also,

‖G(x + h) − G(x) − G ′(x; h)‖ = o(‖h‖).
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(c) G(·) is strongly semismooth at x if and only if for any V ∈ ∂�(x + h), h → 0,

‖V h − G ′(x; h)‖ = O(‖h‖2).

Also,

‖G(x + h) − G(x) − G ′(x; h)‖ = O(‖h‖2).

Lemma 5.2 Let H : R++ × R++ × Rn → Rn+2 be defined by (2.10). Then, H is local
Lipschitzian and semismooth on R++ × R++ × Rn. Furthermore, H is strongly semismooth
on R++ × R++ × Rn if F ′(x) is Lipschitz continuous on Rn.

Proof It is not difficult to show that a + b, a2 + b2 and
√

a2 + b2 are all strongly semi-
smooth for all (a, b) ∈ R2. By noting that (2.2), the definition of φ, and the fact that the
composition of strongly semismooth functions is strongly semismooth, we can obtain imme-
diately that φ(·, ·, ·) is strongly semismooth at all points (μ, a, b) ∈ R++ × R2. Therefore,
by Lemma 5.1 (a), we prove the first part of the lemma. If F ′(x) is Lipschitz continuous on

Rn , then xi + Fi (x), x2
i + F2

i (x) and
√

x2
i + F2

i (x) are all strongly semismooth on Rn for
all i ∈ N . By Theorem 19 in [12], it easy to see from Lemma 5.1 that the second part of the
lemma holds. �

The following is main results of this section.

Theorem 5.1 Assume that Assumption 3.1 is satisfied and z∗ = (ε∗, μ∗, x∗) is an accumu-
lation point of the iteration sequence {zk} generated by Algorithm 3.1. If all V ∈ ∂ H(z∗)
are nonsingular. Then,

(a) λk ≡ 1, for all zk sufficiently close to z∗;
(b) the whole sequence {zk} converges to z∗, that is,

lim
k→∞ zk = z∗;

(c) {zk} converges to z∗ superlinearly, that is, ‖zk+1 − zk‖ = o(‖zk − z∗‖). Moreover,
μk+1 = o(μk);

(d) {zk} converges to z∗ quadratically if F ′(·) is Lipschitz continuous on Rn, that is, ‖zk+1−
z∗‖ = O(‖zk − z∗‖2). Moreover, μk+1 = O(μ2

k).

Proof It follows from Theorem 4.2 that H(z∗) = 0 and x∗ ∈ S. Because all V ∈ ∂ H(z∗)
are nonsingular, it follows from Proposition 3.1 in [28] that for all zk sufficiently close to z∗,
we have

‖H ′(zk)−1‖ ≤ C, (5.2)

where C > 0 is some constant. By Lemma 5.2, we know that H(·) is semismooth (strongly
semismooth if F ′ is Lipschitz continuous on Rn , respectively) at z∗. Therefore, for all zk

sufficiently close to z∗, we get

‖H(zk) − H(z∗) − H ′(zk)(zk − z∗)‖ = o(‖zk − z∗‖) (= O(‖zk − z∗‖2)). (5.3)

On the other hand, Lemma 5.2 implies that H(·) is locally Lipschitz continuous near z∗.
Hence, for all zk sufficiently close to z∗, we have

‖H(zk)‖2 = ‖H(zk) − H(z∗)‖2 = O(‖zk − z∗‖2). (5.4)
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Thus, we obtain from (5.4) and the definition of ρ(·) that

ρkμ0 ≤ γμ0‖H(zk)‖2 = O(‖H(zk)‖2) = O(‖zk − z∗‖2). (5.5)

Then, by (5.2), (5.3) and (5.5), we have

‖zk + zk − z∗‖ = ‖zk + H ′(zk)−1[−H(zk) + ρk ū] − z∗

≤ ‖H ′(zk)−1‖
[
‖H(zk) − H(z∗) − H ′(zk)(zk − z∗)‖ + ρkμ0

]

= o(‖zk − z∗‖) (= O(zk − z∗‖2)). (5.6)

Similar to the proof of Theorem 3.1 in [30], for all zk sufficiently close to z∗, we get

‖zk − z∗‖ = O(‖H(zk) − H(z∗)‖). (5.7)

Then, because H(·) is semismooth (strongly semismooth if F ′ is Lipschitz continuous on Rn ,
respectively) at z∗ by Lemma 5.1, H must be local Lipschitz. Therefore, for all zk sufficiently
close to z∗, we obtain that

‖H(zk + zk)‖ = O(‖zk + zk − z∗‖)
= o(‖zk − z∗‖) (= O(‖zk − z∗‖2))

= o(‖H(zk) − H(z∗)‖) (= O(‖H(zk) − H(z∗)‖2))

= o(‖H(zk)‖) (= O(‖H(zk)‖2)). (5.8)

Note that ‖H(zk)‖ → 0 as k → ∞ by Theorem 4.2, hence, (5.8) implies that when zk suf-
ficiently close to z∗, λk = 1 can satisfy (3.3), which proves (a). Thus, for all zk sufficiently
close to z∗ we have

zk+1 = zk + zk,

which, together with (5.6), proves (b) and

‖zk+1 − z∗‖ = o(‖zk − z∗‖) (‖zk+1 − z∗‖ = O(‖zk − z∗‖2), respectively).

Next, from (a), (b) and (5.5), we obtain for all sufficiently large k that

μk+1 = μk + zk = ρkμ0 = γμ0‖H(zk)‖2,

which, together with (5.7), implies that

μk+1

μk
= ‖H(zk)‖2

‖H(zk−1)‖2 = o(‖H(zk−1)‖2)

‖H(zk−1)‖2

(
O(‖H(zk−1)‖4)

‖H(zk−1)‖2 , respectively

)
.

Therefore, for all zk sufficiently close to z∗ we obtain that

μk+1 = o(μk) ( μk+1 = O(μ2
k), respectively),

which completes whole proof. �

6 Numerical experiments

In this section, we present some numerical experiments with Algorithm 3.1 described in the
previous section. All the program codes were written in MATLAB and run in MATLAB
7.6 environment. All numerical experiments were done at a PC with Celeron(R) D CPU of
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3.06 GHz and RAM of 1,024 MB. Throughout the computational experiments, the parameters
in Algorithm 3.1 were set as

ε0 = 0.05, μ0 = 0.05, δ = 0.9, σ = 0.25, γ = 0.1.

The stopping criterion for the algorithm was ‖H(zk)‖ ≤ 10−6.
In the tables of test results, DIM denotes the dimension of the problem (the dimension of

the variable x), SP denotes the starting point of x0, IN denotes the number of iteration, FV
denotes the final value of �(zk) = ‖H(zk)‖2/2 when the algorithm terminates, CPU records
the CPU time in second for solving each problem, and RESIDUAL denotes the final residual
of ‖xk − x∗‖ when the algorithm stops, where xk is the final value of x and x∗ is an accurate
solution of the NCP. In the following, we give a detailed description of the test problems.

Example 6.1 Murty Problem. This test problem is the fifth example of Kanzow [31] in
Sect. 5 with n variables. The solution is x∗ = (0, . . . , 0, 1)T . The matrix in this example is a
P-matrix.

M =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

1 2 2 · · · 2
0 1 2 · · · 2
0 0 1 · · · 2
...

...
...

. . .
...

0 0 0 · · · 1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

, q = (−1, . . . ,−1)T .

This example was also tested by Kanzow [32], Xu [33], and Burke and Xu [34]. We test this
problem by using x0 = (1, 1, . . . , 1) as a starting point. The test results are listed in Table 1.

Example 6.2 Fathi Problem. This test problem is from Fathi [35], which was also tested by
Xu [33], Kanzow [32]. The solution is x∗ = (1, 0, . . . , 0)T . The matrix M of this example
is positive definite.

Table 1 Numerical results for Example 6.1

SP DIM IN FV RESIDUAL

(1, 1, . . . , 1) 32 4 7.6786 × 10−18 3.9187 × 10−9

64 4 1.6753 × 10−17 5.7890 × 10−9

128 4 2.0518 × 10−16 2.0248 × 10−8

256 5 4.7428 × 10−19 9.7327 × 10−10

512 6 3.9645 × 10−21 8.9189 × 10−11

1024 7 1.0697 × 10−22 1.4643 × 10−11

2048 8 2.8486 × 10−24 2.3877 × 10−12

4096 8 6.8463 × 10−15 1.1535 × 10−7
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[M]i i = 4(i − 1) + 1, i = 1, . . . , n;
[M]i j = [M]i i + 1, i = 1, . . . , n − 1, j = i + 1, . . . , n;
[M]i j = [M] j j + 1, j = 1, . . . , n − 1, i = j + 1, . . . , n;
q = (−1,−1, . . . ,−1)T .

We test this problem by using x0 = (0, 0, . . . , 0) as a starting point. The test results are listed
in Table 2.

Example 6.3 This test problem is from Ahn [36]. The matrix M of this example is:

M =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

4 −2 0 · · · 0 0
1 4 −2 · · · 0 0
0 1 4 · · · 0 0
...

...
...

...
...

0 0 0 · · · 4 −2
0 0 0 · · · 1 4

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, q =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−1
−1
−1
...

−1
−1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

We test this problem by using x0 = (0, 0, . . . , 0) as a starting point. The test results are listed
in Table 3.

Table 2 Numerical results for Example 6.2

SP DIM IN FV RESIDUAL

(0, 0, . . . , 0) 64 8 7.5798 × 10−21 8.3088 × 10−10

128 8 1.1736 × 10−18 1.5451 × 10−8

256 9 2.3448 × 10−24 4.4385 × 10−11

512 9 1.1830 × 10−13 1.2477 × 10−6

1024 10 5.7002 × 10−16 9.9874 × 10−7

2048 11 1.8393 × 10−18 5.9860 × 10−8

4096 12 5.5722 × 10−22 9.5803 × 10−10

Table 3 Numerical results for Example 6.3

SP DIM IN FV CPU

(0, 0, . . . , 0) 64 5 1.4066 × 10−13 0.0286

128 5 5.9168 × 10−15 0.0749

256 5 9.1990 × 10−15 0.2357

512 5 1.9198 × 10−14 0.8844

1024 6 4.1281 × 10−25 4.9571

2048 6 2.7852 × 10−20 26.646

4096 6 7.4777 × 10−14 163.59
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Table 4 Numerical results for
Example 6.4

SP IN FV

(0, 0, 0, 0, 0, 0, 0) 7 4.8396 × 10−24

(1, 1, 1, 1, 1, 1, 1) 7 2.8586 × 10−24

(−1,−1, −1,−1,−1,−1, −1) 6 8.5192 × 10−16

(10, 10, 10, 10, 10, 10, 10) 7 2.1789 × 10−16

(−10,−10, −10,−10, −10,−10,−10) 10 8.8400 × 10−25

(10, 20, 30, 40, 50, 60, 70) 11 1.9157 × 10−14

(−70,−60, −50,−40, −30,−20,−10) 10 9.1518 × 10−15

(103, 103, 103, 103, 103, 103, 103) 13 9.8667 × 10−15

(105, 105, 105, 105, 105, 105, 105) 18 9.8753 × 10−16

Example 6.4 This test problem is the LCP reformulation for 76th problem in the Hock–
Schittkowski collection. Let

F(x) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2x1 − x3 + x5 + 3x6 − 1
x2 + 2x5 + x6 − x7 − 3

−x1 + 2x3 + x4 + x5 + 2x6 − 4x7 + 1
x3 + x4 + x5 − x6 − 1

−x1 − 2x2 − x3 − x4 + 5
−3x1 − x2 − 2x3 + x4 + 4

x2 + 4x3 − 1.5

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

This example was also tested by Pieraccini et al. [37]. The problem has the nondegener-
ate solution x∗ � (0.2727272727, 2.0909090909, 0, 0.5454545454, 0.4545454545, 0, 0).
The test results are listed in Table 4 using different points.

Example 6.5 Kojima–Shindo Problem. This test problem is the third example of Jiang and
Qi [38] with four variables, which was also tested by Xu [33], Kanzow [4], Pang and Gabriel
[39], Huang et al. [40] and Pieraccini et al. [37]. Let

F(x) =

⎛

⎜
⎜
⎝

3x2
1 + 2x1x2 + 2x2

2 + x3 + 3x4 − 6
2x2

1 + x1 + x2
2 + 10x3 + 2x4 − 2

3x2
1 + x1x2 + 2x2

2 + 2x3 + 9x4 − 9
x2

1 + 3x2
2 + 2x3 + 3x4 − 3

⎞

⎟
⎟
⎠.

This example has one nondegenerate solution (1, 0, 3, 0) and one degenerate solution
(
√

6/2, 0, 0, 1/2). The results are summarized in Table 5 using different starting points.
The asterisk (*) denotes that the limit point generated by Algorithm 3.1 is the degenerate
solution, otherwise it is the nondegenerate solution.

Example 6.6 Modified Mathiesen Problem. This test problem is the fifth example of Jiang
and Qi [38] with four variables, which was also tested by Huang et al. [40], Kanzow [4], and
Pieraccini et al. [37]. Let

F(x) =

⎛

⎜
⎜
⎝

−x2 + x3 + x4,

x1 − (4.5x3 + 2.7x4)/(x2 + 1),

5 − x1 − (0.5x3 + 0.3x4)/(x3 + 1),

3 − x1

⎞

⎟
⎟
⎠.
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Table 5 Numerical results for Example 6.5

SP IN FV RESIDUAL

(0, 0, 0, 0) 7∗ 5.1460 × 10−20 3.6552 × 10−10

(1, 1, 1, 1) 6 1.9325 × 10−17 8.8782 × 10−9

(0, 1, 0, 1) 6∗ 1.4356 × 10−18 5.6248 × 10−10

(1, 1, 0, 0) 7 4.0822 × 10−18 9.973061 × 10−10

(1, 0, 1, 0) 11∗ 3.8025 × 10−26 3.5685 × 10−14

(0, 0, 1, 1) 16 6.3633 × 10−23 1.5152 × 10−11

(−1, −1,−1−, 1) 10∗ 7.8863 × 10−18 2.0615 × 10−9

(10, 10, 10, 10) 7 2.7783 × 10−22 2.5518 × 10−11

(−10, −10,−10, −10) 12 9.8099 × 10−18 6.3209 × 10−9

(103, 103, 103, 103) 7∗ 9.7271 × 10−17 1.4535 × 10−8

(106, 106, 106, 106) 11 1.7713 × 10−13 2.7334 × 10−7

Note: The asterisk (*) denotes the degenerate solution, otherwise it is the nondegenerate solution

Table 6 Numerical results for Example 6.6

SP IN FV xk

(1, 1, 1, 1) 4 1.0547 × 10−16 (0.0779, 0.0000, 0.0000, 0.0000)

(3, 3, 3, 3) 6 1.8260 × 10−24 (3.0000, 0.0000, 0.0000, 0.0000)

(1, 2, 3, 4) 5 7.5814 × 10−15 (0.7883, 0.0000, 0.0000, 0.0000)

(2, 1, 0, −1) 4 4.4198 × 10−17 (1.5355, 0.0000, 0.0000, 0.0000)

(10, 10, 10, 10) 6 1.5495 × 10−16 (3.0000, 0.0000, 0.0000, 0.0000)

(−30, −30,−30,−30) 7 3.7697 × 10−17 (3.0000, 0.0000, 0.0000, 0.0000)

(102, 102, 102, 102) 10 1.6217 × 10−22 (0.0000, 0.0000, 0.0000, 0.0000)

(−103,−103, −103, −103) 9 4.5414 × 10−22 (0.4205, 0.0000, 0.0000, 0.0000)

(104, 104, 104, 104) 12 8.1585 × 10−20 (0.3125, 0.0000, 0.0000, 0.0000)

(106, 106, 106, 106) 21 4.2162 × 10−20 (0.0453, 0.0000, 0.0000, 0.0000)

This example has infinitely many solutions (λ, 0, 0, 0), where λ ∈ [0, 3]. For λ = 0, 3, the
solutions are degenerate, and for λ ∈ (0, 3) nondegenerate. The test results for Example 6.6.
are listed in Table 6 using different starting points.

Example 6.7 Nash equilibrium model. This test problem is from MCPLIB with ten variables.
The test function F(x) = (F1(x), . . . , F10(x))T is defined by

Fi (x) = ci + (Li xi )
1/βi −

[
5000

∑10
k=1 xk

]1/γ

+ xi

γ
∑10

k=1 xk

[
5000

∑10
k=1 xk

]1/γ

, 1 ≤ i ≤ 10,

where γ = 1.2, Li = 10(1 ≤ i ≤ 10), and c = (5.0, 3.0, 8.0, 5.0, 1.0, 3.0, 7.0, 4.0, 6.0,

3.0)T , β = (1.2, 1.0, 0.9, 0.6, 1.5, 1.0, 0.7, 1.1, 0.95, 0.75)T . In the example, we take the
parameter δ = 0.7, and starting point x0: (1) e; (2)10e; (3) (1.0, 1.2, 1.4, 1.6, 1.8, 2.1, 2.3,

2.5, 2.7, 2.9)T ; (4) (7, 4, 3, 1, 8, 4, 1, 6, 3, 2)T ; (5) (5, 4, 3, 2, 1, 6, 7, 8, 9, 10)T , and other
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Table 7 Numerical results for
Example 6.7

SP IN FV CPU

(1) 26 2.8970 × 10−13 0.0275

(2) 27 3.7600 × 10−13 0.0771

(3) 24 4.6561 × 10−13 0.0259

(4) 24 1.6004 × 10−13 0.0258

(5) 24 2.9653 × 10−13 0.0290

Table 8 Numerical results for
Example 6.8

SP IN FV CPU

(1) 7 1.7046 × 10−21 0.0145

(2) 11 6.3498 × 10−17 0.0899

(3) 7 7.4251 × 10−17 0.0149

(4) 8 2.2719 × 10−17 0.0153

(5) 8 3.8764 × 10−17 0.0155

(6) 8 1.0439 × 10−15 0.0154

(7) 10 8.2963 × 10−15 0.0180

parameters are same as previous example. The test results for Example 6.7 are listed in
Table 7 using these starting points (1)–(5).

Example 6.8 Hanshoop problem. This test problem is from MCPLIB. The test function is:

F(x, y, u) =
⎡

⎣
−∇v(x)

0
w

⎤

⎦ +
⎡

⎣
0 AT − αBt CT

B − A 0 0
−C 0 0

⎤

⎦

⎡

⎣
x
y
u

⎤

⎦ ,

where v(x) = (x1 +2.5x2)
p(2.5x3 + x4)

p(2x5 +3x6)
p , α = 0.7, p = 0.2, w = (0.8, 0.8)T ,

and

A =
[

2 2 2 2 2 2 2 2 2 2
3 3 2 2 1 1 1 0.5 1.5 0.5

]
,

B =
[

1.5 1.5 1.5 1.5 1.5 1.5 4 3 1.5 1.5
2.7 2.7 1.8 1.8 0.9 0.9 0.9 0.4 2 1.5

]
,

C =
[

1 1 1 1 1 1 1 1 1 1
0.5 1.5 1.5 0.5 0.5 1.5 1.5 0.5 0.5 1.5

]
.

In the example, we take the same parameters as ones of Example 6.7. We take the starting point
y0 = (0, 0)T , u0 = (0, 0)T and x0 : (1) 0.3e; (2) (0, 0.3, 0.3, 0, 0, 0.1, 0.3, 0, 0, 0.3)T ; (3)

(0.3, 0, 0.3, 0, 0.3, 0, 0.3, 0, 0.3, 0)T ; (4) 0.5e; (5) e; (6) 4e; (7) 8e. The test results for
Example 6.8 are listed in Table 8 using these starting points (1)–(7).

Example 6.9 Harker and Pang Problem. This example was tested by Kanzow in [41].The
matrix M is computed as follows: let A, B ∈ Rn×n , and q, η ∈ Rn be randomly gener-
ated such that ai j , bi j (−5, 5), qi ∈ (−500, 500), and ηi ∈ (0.0, 0.3) and that B is skew-
symmetric. Define M = AT A + B + diag(η). Then, M is a P-matrix. For several values
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Table 9 Numerical results for Example 6.9

DIM. (n) 25 50 100 200 400 600 800 1000 2000

Max.-Iter. 13 17 18 20 21 23 24 24 27

Avg.-Iter. 7.4 9.2 9.5 10.1 10.3 10.7 10.9 11.2 13.1

Min.-Iter. 2 2 2 2 2 2 2 2 2

Table 10 Numerical results for Example 6.10

DIM. (n) 25 50 100 200 400 600 800 1000 2000

Max.-Iter. 14 15 21 20 24 24 25 26 30

Avg.-Iter. 11.8 12.8 17.3 18.7 20.3 22.5 22.7 24.1 26.4

Min.-Iter. 9 10 15 17 19 21 21 23 22

Table 11 Numerical results for Example 6.11

DIM. (n) 25 50 100 200 400 600 800 1000 2000

Max.-Iter. 9 10 10 11 12 12 14 15 15

Avg.-Iter. 7.4 8.2 8.9 9.8 10.9 11.1 12.1 12.4 13.9

Min.-Iter. 6 7 8 8 10 10 11 11 13

of n, 10 examples have been generated in this way. The maximum, average, and minimum
numbers of iterations needed by the algorithms are summarized in Table 9. In all test runs,
x0 = (0, . . . , 0)T has been chosen as starting vector.

Example 6.10 Harker and Pang Problem. This example was also tested by Kanzow in [41].
In this example, M is computed in the same way as in Example 6.9, and q ∈ Rn is randomly
generated with entries qi ∈ (−500, 0). Table 10 contains our numerical results, which we
have obtained using the starting vector x0 = (0, . . . , 0)T .

Example 6.11 Pang Problem. This example was tested by Chen and Harker in [42]. In this
example, M = (mi j ) is computed as follows:

mi j =

⎧
⎪⎪⎨

⎪⎪⎩

6, if i = j,
−4, if j = i − 1 ≥ 1 or j = i + 1 ≤ n,

1, if j = i − 2 ≥ 1 or j = i + 2 ≤ n
0, else

For each 1 ≤ i ≤ n, by 0.5 probability, we generate x∗
i = 0 and Pseudo random number

x∗
i ∈ (0, 100). If x∗

i > 0, let y∗
i = 0; else if x∗

i = 0, let y∗
i ∈ (0, 100) be generated ran-

domly. Then we take q = y∗ − Mx∗. Table 11 contains our numerical results, which we
have obtained using the starting vector x0 = (0, . . . , 0)T .
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7 Conclusions

Based on the ideas developed in smoothing Newton methods, we propose a new smooth-
ing and regularization Newton method for solving nonlinear complementarity problem with
P0-function (P0-NCP). Without requiring strict complementarity assumption at the P0-NCP
solution, the proposed algorithm is proved to be convergent globally and superlinearly under
suitable assumptions. Furthermore, the algorithm has local quadratic convergence under mild
conditions. Numerical experiments indicate that the proposed method is quite effective. In
addition, in this paper, the regularization parameter ε in our algorithm is viewed as an inde-
pendent variable, hence, our algorithm seems to be simpler and more easily implemented
compared to many previous methods.

Acknowledgments The author expresses his heartfelt thanks to two anonymous referees for many construc-
tive proposals that improved the paper greatly.
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