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Abstract The nonlinear complementarity problem (denoted by NCP(F')) can be refor-
mulated as the solution of a nonsmooth system of equations. In this paper, we propose a
new smoothing and regularization Newton method for solving nonlinear complementarity
problem with Py-function (Py-NCP). Without requiring strict complementarity assumption
at the Py-NCP solution, the proposed algorithm is proved to be convergent globally and
superlinearly under suitable assumptions. Furthermore, the algorithm has local quadratic con-
vergence under mild conditions. Numerical experiments indicate that the proposed method
is quite effective. In addition, in this paper, the regularization parameter ¢ in our algorithm
is viewed as an independent variable, hence, our algorithm seems to be simpler and more
easily implemented compared to many previous methods.
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1 Introduction

The nonlinear complementarity problem with Py-function (denoted by Py-NCP): to find a
vector x € R" such that

x>0, Fx)>0, (x,Fx))=0. (1.1)

where (-, -) is the Euclidean inner product and F : R" — R" are continuously differentiable
Py-function, that is,
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Definition 1.1

(1) A matrix M € R" is said to be a Pp-matrix if all its principal minors are nonnegative.

(2) A function F : R" — R" is said to be a Py-function if for all x, y € R" with x # y,
there exists an index iy € N such that

Xig 7+_ Yig» (xio - yio)[ﬂo(x) - on()’)] = 0.

The nonlinear complementarity problems have various important applications in many
fields [1,2]. The NCP has been utilized as a general framework for quadratic programming,
linear complementarity, and the other mathematical programming problems. Different con-
cepts have been developed to treat this problem. In the last few years growing attention
has been paid to diverse approaches which employ a reformulation of NCP as a system of
nonlinear equations or a minimization problem [3-9].

Recently, there have been strong interests in smoothing Newton methods for solving the
linear/nonlinear complementarity problems [9-20]. Lastly, Zhang et al. [21] have proposed a
one-step smoothing Newton method for solving the nonlinear complementarity problem with
Py-function based on the smoothing symmetric perturbed Fischer function. Their algorithm
solves only one linear system of equations and performs only one line search per itera-
tion. Without requiring strict complementarity assumption at the Py-NCP solution, it has
been shown that the algorithm converges globally and superlinearly under mild conditions.
Furthermore, the algorithm has local quadratic convergence under suitable conditions. Com-
pared to previous literatures, the algorithm has stronger convergence results under weaker
conditions.

It is well known that the regularization method is designed to handle ill-posed problems
which substitutes the solution of original problem with the solution of a sequence of well-
defined problems whose solutions converging to the solution of the original problem. In the
context of this paper, we consider the regularization method of NCP (1.1), which consists of
solving a sequence of complementarity problems NCP(F):

x>0, Fe(x)=0, (x,F:(x)=0, (1.2)
where ¢ > 0 is a regularization parameter tending to zero and F; is given by
Fe(x) = F(x) + ex. (1.3)

In this paper, we present a smoothing and regularization Newton method for solving the
nonlinear complementarity problem with Py-function. In our algorithm, the regularization
parameter ¢ is viewed as an independent variable, hence, our algorithm seems to be sim-
pler and more easily implemented compared to many previous literatures. Without requiring
strict complementarity assumption at the Pyp-NCP solution, the proposed algorithm is proved
to be convergent globally and superlinearly under suitable assumptions. Furthermore, the
algorithm has local quadratic convergence under mild conditions.

The rest of this paper is organized as follows. In Sect. 2, we state some preliminaries.
In Sect. 3, we present a smoothing and regularization Newton method for the Py-NCP. In
Sects. 4 and 5, we establish the global, superlinear/quadratic convergence of the proposed
algorithm, respectively. Some numerical results are reported in Sect. 6. Conclusions are given
in Sect. 7.

The following notations will be used throughout this paper. All vector are column vectors,
the superscript 7 denotes transpose, R” (respectively, R) denotes the space of n-dimen-
sional real column vectors (respectively, real numbers), R’ and R’{ | denote the nonnegative
and positive orthants of R, Ry (respectively, R4) denotes the nonnegative (respectively,
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positive) line in R. We define N := {1, 2, ..., n}. For any vector u € R", we denote by
diag{u; : i € N} the diagonal matrix whose ith diagonal element is u; and vec{u; : i € N}
the vector u. For simplicity, we use (u; v) for the column vector (uT; v1)T . The matrix 1
represents the identity matrix of arbitrary dimension. The symbol || - || stands for the 2-norm.
We denote by S the solution set of (1.1). For any o, 8 € R4, @ = O(p) (respectively,
o = o(B)) means «/B is uniformly bounded (respectively, tends to zero) as B — 0.

2 Preliminaries

We consider the following the Fischer—Burmeister NCP-function ¢ rp[22]:

¢rp(a,b) =a+b—a>+b>. .1

The Fischer—Burmeister function has many interesting properties. However, it is not differen-
tiable at (a, b) = (0, 0), which limits its applications in dealing with nonlinear complemen-
tarity problems. Many smoothing NCP-functions based on the Fischer—Burmeister function
(2.1) have been presented for solving the nonlinear complementarity problems (1.1) (see
[12,13,23]).

In this paper, we use the following smoothing function to approximate the Fischer—Bur-
meister NCP-function ¢rp:

d(u,a,b) =a+b—+a?+b>+2u2 (2.2)

where ;1 > 0 is a smoothing parameter. The smoothing NCP-function possesses a few nice
properties. The following lemma illustrates some simple properties.

Lemma 2.1 Forany (u,a,b) € Ry X R2, we have

(@ ¢(0,a,b) =¢rp(a,b);
() ¢(u,a,b) =0ifandonly ifa >0, b > 0and ab = ,u2.

Lemma 2.1 illustrates that the function ¢ (i, a, b) defined by (2.2) is indeed a smoothing
approximation function of the Fischer-Burmeister function ¢rp(a, b). Moreover, we have
the following result.

Lemma 2.2 For any 1, u2 € Ryy, we have

¢ (1, a,b) — ¢ (2, a, b)| < V2|1 — pal. (2.3)

By simple calculation, for any i € Ry, we have

o (uab) = ——— 2.4)
g fa? + b2 + 212
a
¢l (n,a,b) =1 — —-r, (2.5)
¢ Var+ b2 +22
b
¢p(p,a,b)y =1— (2.6)

Ja + b2+ 27
It is not difficult to see that ¢, , ¢, and ¢;, are continuous with s+ > 0. Then, from (2.5)—(2.7),
we have the following results.

Lemma 2.3 Forany (i,a,b) € Ry x R2, we have

0<¢,(n,a,b)y <2 and 0 < ¢p(u,a,b) <?2. 2.7
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Lemma 2.4 Let i > 0 and the function ¢ : Ry x R? be defined by (2.2). Let {ay}, {b}
be any two sequences such that ai, by — 400 or ay — —o0 or by — —o<. Then for any
(u,a,b) € Ry x R2, we have |¢ (i, ag, br)| — +o0.

In this paper, we consider the smoothing regularization method for solving NCP (1.1).
Let F;; denote the i-th component of F,. Using smoothing NCP-function (2.2), we define
the mapping ® : Ry X Ry x R" — R" by

d’(l’L! xl? FS,](x))
d(e, u,x) = . (2.8)
O (i, X, Fa,n(x))

Then, the regularized problem NCP(F;) for any given ¢ > 0 can be reformulated as
D, u,x)=0 and p =0,
which leads to a merit function ¥ : R"*> — R for the NCP(F,):
W w0 = 1o w0l = LS 00w, s 2.9)
2 2 P
Letz:= (e, u,x) € R+ X Ry x R" and

&
H(z) == H(e, u,x) := 1% . (2.10)
D(e, 1, x)

Then, it is easily verified that the Py-NCP (1.1) is equivalent to the following system of
equations

H(z) =0, (2.11)

which naturally induces a merit function ® : R"*? — R, given by

1 1 1
O@) = 5||H(z)||2 =3 2+ 2+ 1@ = 5 (2 +u?)+¥(@). (212

By (2.4)—(2.6), it is not difficult to see that H(-) is continuously differentiable at any
7= (& mn,x) € R4+ X Ryy x R™ with its Jacobian

1, 0, 0
H'(z) = 0, 1, 0 s (2.13)
u(z), v(z), Di1(z)+ Dr(@)[F'(x)+el]

where
u(z) := vec{u; = ¢ (. xi, Fei(x)) :i € N},
v(z) == vec {v; = ¢, (1, xi, Fei(x)) :i € N},
Dy (z) := diag{a;(2), a2(2), - - ., an(2)},
D (z) := diag {b1(2), b2(2), ..., bu(2)}
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with
xi (Fi (x) + &x;)

ui(z) = x; —

Vi (R0 +ex)? + 202

2u
vi(z) = —
\/xf + (Fi(x) + ex;)? +2u?
X;

ai(z) =1-— ,

\/x,? + (Fij(x) + exi)? +2u2

F. .

bi() = 1 — i (x) + ex;

R+ (Fi) + exp)? + 202
By Lemma 2.3 we obtain that

0<ai(z) <2 and 0 <bi(z) <2 (2.14)
hold for alli € N.

3 Algorithm

We now give our smoothing and regularization Newton algorithm for solving Po-NCP (1.1).

Let y € (0,1) and z := (e, u,x) € Ryy X Ryy x R". Define a real-value function
,0:R++><R++XR"—> R++by
p(2) ==y H@) || minf{l, || H (@)} (3.1

Algorithm 3.1 (A Smoothing Newton Method)

Step 0 Choose parameters 6,0 € (0,1), &g > 0, o > 0. Let i := (g0, 10,0) € Ry4+ X
Ri, x R" and x° € R" be an arbitrary initial point. Take 7° = (g9, o, x°) and
choose parameter y € (0, 1) such that y||H(z0)|| <1, yeg <05and yuo < 0.5.

Setk := 0.

Step 1 Stop if |H(ZX)| = 0. Otherwise, compute py := ,o(zk), where p(-) is defined by
(3.1).

Step 2 Solve the following equation to obtain AzX := (Auy, AxF) :

H( + H' (A = pra. 32)
Step 3 Let my be the smallest nonnegative integer m such that
IH G + 8" A < [1 =01 = yuo — yeo) | I1HEHI| (3.3)

and let Ay := 8™k,
Step 4 Set Xt = 2K + A AZX and k ==k + 1. Go 1o Step 1.

Assumption 3.1 The solutionset S = {x € R" : x >0, F(x) >0, xT F(x) = 0} of NCP
(1.1) is nonempty and bounded.

Next, we recall some useful results.

Lemma3.1 Let H: R, x Ry x R" - R""' and ®, : Ry, x R,y x R* — R" be
defined by (2.10) and (2.8), respectively. Then
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(a) D, is continuously differentiable at any z = (e, t, x) € R4+ X R4+ X R".

(b) H is continuously differentiable at any z = (e, u, x) € Ry X Ry x R" with its Jaco-
bian H'(z) defined by (2.13). If F is a Py-function, then the matrix H'(z) is nonsingular
on R++ X R++ x R".

Proof 1t is not difficult to see that ®, is continuously differentiable at any z = (e, u, x) €
R4+ X Ryt x R". We prove (a).

Next we prove (b). It follows from (2.10) and (a) that H is continuously differentiable on
Ryt X Ryy x R"™. And for any ¢ > 0 and u > 0, by straightforward calculation we obtain
from (2.10) the Jacobian H’(z), which is defined by (2.13). Then we obtain from (2.14) that
D1 (z) and D»(z) are positive diagonal matrices for all z = (e, u, x) € Ry x R4y x R".
By (2.13), in order to show that H’(z) is nonsingular, we need only to prove that the matrix
D1(z) 4+ Dy(2)[F'(x)+¢el]is. In fact, because F is a Py-function, F’(x) must be a Py-matrix
forall x € R" by Theorem 5.8 in [24], which implies that F’(x) +¢[ is P-matrix. Therefore,
the matrix D1(z) + Dy (z)[F’(x) + ¢I] is nonsingular, which implies that the matrix H'(z)
is also nonsingular. Hence, (b) is proved. O

Lemma 3.2 Assume that F is a Py-function and €1, €, |11, Lo are given positive numbers
satisfying €1 < €3, 1 < 2. Then, H defined by (2.9) has the property:

lim ||H )| = +o00 (3.4)
k—+00

for any sequence {e, ik, xk} such g € (&1, e2], uk € (1, 2] and ||x" | = +oc.

Proof We prove the lemma by contradiction. In fact, if the lemma is not true, then there
exists a sequence {zF = (e, uk, x¥)} such that

el <& <en w1 <up<pa, <y, I — oo, (3.5)

where y > 0 is certain constant. Since the sequence {x*} is unbounded, then the index set
Z:={ieN: {xlk } is unbounded} is nonempty. Without loss of generality, we can assume

that {|x’;|} — 400 forany j € Z. Let the sequence {£} be defined by

[0, ifier
X = k .
Pk ifigT

Then, {)2"} is bounded obviously. Noting that F is a Pyg-function, by Definition 1.1, we have

0

IA

max (xik — )2;‘)[Fi(xk) — F; (&%)
ieN
= maxx{‘[ﬂ(xk) — F; (&%)
ieZ
= x?o[Fjo (xk) - Fj, (fk)]’ (3.6)

where jj is one of the indices for which the max is attained, and jj is assumed, without loss
of generality, to be independent of k. Since jo € Z, we have

|x% | — +oo as k — 4o0. (3.7)
We now consider the following two cases:

(1) If x’l?o — +00 as k — +00, noting that Fj; (%) is bounded by the continuity of Fj,,
it follows from (3.6) that Fj, (%) does not tend to —oo. This implies that F, &k +
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ekxl;.o — +ooask — +o00.FromLemma?2.4 wherex’,‘.o — +ooand Fjo(xk)+8kx’;0 —

+00, we obtain that
|6 (tag, X, Fey jo ()| — +00.
(2) Ifx} — —oo, then, by boundedness of Fj,(+*), we obtain from (3.6) that F, (x*) <
Fj &5). Noting that 0 < u; < pur < ua, we also get from Lemma 2.4 that
16 (ks x5, Feg jp (5D = +o00.
In either case we obtain ||®(zX)|| — 400, which contradicts with (3.5). O

Remark 3.1 Lemma 3.2 indicates that, under the assumption of F being a Po-function, the
level set

L(y)={z= (e, ;,x) € Ry x R x R"||H)|l < v}
is bounded.

Lemma 3.3 Assumption 3.1 holds and F is a Py-function. Suppose that (25 = (ex, p, x5}
is a infinite sequence such that for any k > 0, g > 0, uy > 0 and y, > 0 satisfying

lim & =0, lim p=0, lim p =0.
k—+o00 k—+00 k—+o00

Furthermore, assume that x* satisfies the condition || ® (e, ui, X < vk for each k > 0.
Then, the sequence {x*} is bounded and every accumulation point of {x*} is a solution of
NCP(F) (1.1).

4 Global convergence

In this section, we consider the global convergence of Algorithm 3.1. First, define the set
Q:={z=(s, 0, x) € Ry1 X Riy X R" 1 & > p(2)e0, 1 > p(2)1o}, 4.1

where p(-) is defined in (3.1) and &g, 110 are given in Step 0 of Algorithm 3.1. The following
theorem show that Algorithm 3.1 is well-defined and generates an infinite sequence with
some good feature.

Theorem 4.1 Let z2° = (g9, jt0, x°) € Roy x Ry X R" be given in Algorithm 3.1. Then
Algorithm 3.1 is well-defined and generates an infinite sequence {z* = (e, pur, x*)} with
er € Riy, ux € Ryy and 7% € Q for each k > 0.

Proof 1If uix > 0, because F is a continuously differentiable Pp-function, it follows from
Lemma 3.2 (b) that the matrix H’(z*) is nonsingular. So, Step 2 of Algorithm 3.1 is well-
defined at the k-th iteration. By (3.2) we have

Agp = —&r + preo and Apg = — g + pxfto. 4.2)
Therefore, for any o € (0, 1] we obtain that
ex +alAep = (1 —a)e +apreg > 0
and

wi +aApg = (1 —a)ug + apppo > 0.
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Let
(@) = HZ* + aA) — HEZ) — aH' () AZK. 4.3)

Note that F is continuously differentiable, which implies from (2.10) and Lemma 3.1(b) that
H (-) is continuously differentiable around z¥. Hence, (4.3) implies that

(@)l = o(e). 4.4
It follows from the definition of p(-) that
pe < vIHEOI and pp < y | HEIP. 4.5)
Hence, for any « € (0, 1], we obtain from (3.2) and (4.3)—(4.5) that
1H @ + oAz = llo@) + (1 — ) H (&) + apil]

< (1= HE) +ay (o + no)lHE) + o)
=[1— (1 —yeo— yuo)l| HE")| + o),

which implies that there exists a constant & € (0, 1] such that
IH (@ +aA)) < [1 =0l = yeo — ypo)al | HE)||

holds for any @ € (0, a]. This indicates that Step 3 of Algorithm 3.1 is well-defined at the
k-th iteration. Thus, by (4.2) and Steps 3 and 4 of Algorithm 3.1, we have Ax € (0, 1] and

Sk+1 = &k + M Aep = (I — Ap)eg + Agpreo > 0,
M1 = i+ AgApg = (1 — A g + Akprpo > 0.

Hence, from g9 > 0, uop > 0 and the above statements, we obtain that Algorithm 3.1 is
well-defined and generates an infinite sequence {5 = (e, ur, x¥)} with e > Oand i > 0
for each k > 0.

Next we prove the second part of conclusion, that is, % e Qforallk > 0. We prove the
fact by mathematical induction on k. In fact, it is obvious that p(%) < yIIH @O < 1,ie.,
g0 > poeo and (o > popto. So,z° € Q. Suppose that zF € Q,i.e.,er > preo and px > prpto-
Then by (4.2) we have

gk+1 — Pk+180 = (1 — Ap)ex + Ak k€0 — Pr+1€0
> eo(pk — pr+1) (4.6)

and

Wil — Pkr1io = (I — M)k + Ak Pk b0 — Pk+1/40
> o(prx — Pr+1)- 4.7)

On one hand, if |H (Z¥)| < 1, then
pe=yIHEI, 4.8)
or else,
pe =y HEI. 4.9)
On the other hand, by (3.3) and the definition of p(-), we have
IH DI < I1HE] (4.10)
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and
pert < VIHEDI, prar < yIHEDIP. d.11)
Therefore, it follows from (4.6)—(4.7) together with (4.8)—(4.11) that

&k+1 — Pk+180 = 0 and pgy1 — pryipo =0

which proves z¥ € Q. O

Lemma 4.1 Let H(-) be defined by (2.10) and {zk = (&, Mk, xk)} be the iteration sequence
generated by Algorithm 3.1. Then, the sequence {|H (z")||} is convergent. If it does not
converge to zero, then (zF = (ex, pk, x5} is bounded.

Proof By (3.3) and Theorem 4.1 we obtain that the sequence {|| H @ is monotonically
decreasing and {z¥} C Q. Therefore, by the definition of py, it is not difficult to see that both
{1 H ()|} and {py} are convergent. Then there exist 2*, p, > 0 such that

kll)fglo IH @G| =h* and kll)ﬁolo Pk = Px- (4.12)
If {||H (z")||} does not converge to zero, we have A* > 0 and p, = yh*min{l, h*} > 0.
Using (3.2) and {zX} C €, we obtain that
Sk+1 = &k + A Agp = (1 — A&k + Aepreo < Uk
and
Wil = Pk + A Ape = (1= A ke + A prefbo < ks

which implies that both {e;} and {1} are bounded and

0<pxe0 <er <€ and 0 < pypo < i < po, vk > 0. 4.13)

If {zX = (ex, px, x¥)} is unbounded, it follows from (4.13) that the sequence {x*} is un-
bounded. Thus, by Lemma 3.3 we have

lim || H ()| = 400,
k— 400

which violates (4.2). Hence, {z¥} must be bounded, which completes the proof of the lemma.
[m}

Now we can prove the global convergence of Algorithm 3.1. we have the following results:

Theorem 4.2 Assume that the infinite sequence {z¥ = (gx, i, x¥)} is generated by Algo-
rithm 3.1. Then

@ {I1H @)} and {iux} converge to zero as k — +00, and hence any accumulation point
of{zk} is a solution of NCP (1.1);

(b) if Assumption 3.1 holds, {zF} is bounded and hence it has at least one accumulation
point 7% = (&4, tx, x*) with H(Z*) = 0 and x* € S.

Proof By Lemma 4.1 we know that {(IH N} converges to h* as k — o0o. Suppose that
{1 H(Z*)||} does not converge to zero. Then, h* > 0 and {z*} is bounded by Lemma 4.1.
Assume that z* = (&4, ps, x™) is an accumulation point of * = (ks Uk, xk). Without loss
of generality, we assume that {zF} converges to z*. Then, by the continuity of H and the
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definition of p(-), we know that {ex}, {11r} and {px} converge to &, u, and py, respectively
and that

h* =[HE")| >0, py=yh*min{l, h*} > 0,
(4.14)
0 < preo < &x <60, 0 < pspto < s < Uo-
Therefore, by (3.3), we have
lim A = 0. 4.15)

k— 00
On one hand, from Step 3 in Algorithm 3.1, we get
1H (" + 8™ A > 1= o (1= yeo — ypo)s™NIHEI,
which implies that

IH (" 4+ 8™ A = IH (@D -

S —o (1 —yeo = yuo) IHEHI,

that is,

IH (" 4+ 8™ AP = I1H I
5mk71

> —a(1 = yeo = yuo) IHE (|HE + 8™ A+ [HE)). @.16)

Let k — oo in (4.16), by (4.14), we have
2H(TH' () A = =20 (1 — yeg — yuo) IHEH) @.17)
On the other hand, by (3.2), we have
H' (Z)AZ* = —H(Z*) + pyil,

HEHTH (A" = —|HEHI1? + o H(Z) i (4.18)
Combining (4.17) and (4.18) we deduce that

[1—o(l—yeo—yu)IIHEOI? < o H@) it < piy/ed + p3IH @I
Since || H (z*)|| > 0 we have
[1—o(l—yeg—yuo)llHE)
2 2 2 2 *
< pue3 + 13 < v+ IHE)]
< y(eo+ po)lH "I, (4.19)

where the second inequality follows from p, < y||H(z*)|| and the third inequality follows

from , /88 + u(z) < (&0 + o). Since ||H (z*)|| > 0, then (4.19) implies that 1 —o (1 — yep —
vio) <y (&0 + po). ie.,

(I —=0)(1—yeg—yuo) <0,

which contradicts with the fact 0 < 1, yg9 < 0.5 and yu9 < 0.5. Hence, we have h* = 0
(.e., |H(z*)| = 0), &x = 0 and w4, = 0. Thus, H(z*) = 0, that is, z* is a solution of NCP
(1.1), which prove (a).
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Next we prove (b). It follows from (a) that || H (z¥)|| — 0 as k — co. By (2.10) and (2.11),
we have

lim & =0, lim gz =0 and lim ||®(5)| = 0.
k—00 k—00 k— 00

Therefore, by the famous mountain pass theorem (Theorem 5.4 in [25]) and by following
the similar proof lines of Theorem 3.1 in [26], we get that {x¥} is bounded and hence {z¥} is.
Hence, {z¥} has at least one accumulation pointz* = (e, «, x™). By (a), we have H(z*) =0
and e, = u, =0,x" € S. ]

5 Superlinear/quadratic convergence

In this section, we analyze the rate of convergence for Algorithm 3.1. By Theorem 4.2 (b), we
know that Algorithm 3.1 generates a bounded iteration sequence {z¥} C ©.Letz* = (j14, x*)
be an accumulation point of {zF}. Then, by Theorem 4.2 we have ¢, = u, = 0 and x* is
a solution of NCP (1.1). To establish the rate of convergence for Algorithm 3.1, we assume
that x* satisfies the nonsingularity condition but may not satisfy the strict complementarity.

In order to analyze the local superlinear/quadratic convergence of Algorithm 3.1, we need
the concept of semismoothness for vector value functions. The concept of semismoothness,
which was originally introduced by Mifflin [27] for functions and extended by Qi and Sun
[28] for vector-valued functions. Convex functions, smooth functions and piecewise linear
functions are examples of semismooth function. The composition of semismooth functions
is still a semismooth function [27]. Let F : R" — R" be a locally Lipschitz continuous
mapping. Then, from Rademacher’s theorem, F is differentiable almost everywhere and the
generalized Jacobian [29] is well-defined such that

8}'(x):C0[ lim V]-'(xk)T],
xk—x.xkeDr

where Co denotes a convex hull and Dz denotes a set of points at which F is differentiable.
The function F is called semismooth at x € R", if

lim {Vh/}
VedF(x+th')
K —h, 1,0

exists for any & € R". The function F is further said to be strongly semismooth at x if F is
semismooth at x and for any V € dF(x + h), h — 0,

F(x+h)—Fx)—Vh=0(h|>. (5.1)
Lemma 5.1 [28] Suppose that G : R" — R™ is a locally Lipschitzian function. Then

(a) G(-) has generalized Jacobian 3G (x) as in Clarke [29)]. And G’ (x; h), the directional
derivative of G at x in the direction h, exists for any h € R" if G is semismooth at x.
Also, G : R" — R™ is semismooth at x € R" if and only if all it component functions
are.

(b) G() is semismooth at x if and only if forany V € 0G(x + h), h — 0,

[Vh —G'(x; b)|| = o(l|R])).
Also,
IG(x +h) — G(x) — G'(x; W)|| = o(||A]).
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(¢) G() is strongly semismooth at x if and only if for any V. € oW (x + h), h — 0,
IVh = G'(x: )| = O([Ih]*).
Also,
IG(x + 1) — G(x) = G'(x: )| = O([[h]*).

Lemma 5.2 Let H : Roy x Riq x R" — R"™2 be defined by (2.10). Then, H is local
Lipschitzian and semismooth on R4 X Ry X R"™. Furthermore, H is strongly semismooth
on Ryt X Ryy x R"if F'(x) is Lipschitz continuous on R".

Proof It is not difficult to show that a + b, a® + b> and va? + b2 are all strongly semi-
smooth for all (a, b) € R?. By noting that (2.2), the definition of ¢, and the fact that the
composition of strongly semismooth functions is strongly semismooth, we can obtain imme-
diately that ¢ (-, -, -) is strongly semismooth at all points (1, a, b) € R, x R?. Therefore,
by Lemma 5.1 (a), we prove the first part of the lemma. If F’(x) is Lipschitz continuous on

R", then x; + F;(x), xi2 + Fi2 (x) and , /)cl.2 + Fi2 (x) are all strongly semismooth on R” for
alli € N.By Theorem 19 in [12], it easy to see from Lemma 5.1 that the second part of the
lemma holds. o

The following is main results of this section.

Theorem 5.1 Assume that Assumption 3.1 is satisfied and z7* = (e, s, X*) is an accumu-
lation point of the iteration sequence {z*} generated by Algorithm 3.1. If all V € dH (z*)
are nonsingular. Then,

(@) M = L, forall Z* sufficiently close to z*;
(b) the whole sequence {zF} converges to z*, that is,

lim X = z*%;
k—o00

kL _ 2k = o(|IZF = 2*|). Moreover,

(¢) {zX} converges to z* superlinearly, that is, ||z
Mi+1 = 0(pk);
(d) {z*} converges to z* quadratically if F'(-) is Lipschitz continuous on R", that is, ||z

¥l = O(l|zF — z*|1?). Moreover, pi+1 = O (ud).

k+1_

Proof Tt follows from Theorem 4.2 that H(z*) = 0 and x* € S. Because all V € dH (z*)
are nonsingular, it follows from Proposition 3.1 in [28] that for all z sufficiently close to z*,
we have

IH' 7 <c, (5.2)

where C > 0 is some constant. By Lemma 5.2, we know that H (-) is semismooth (strongly
semismooth if F’ is Lipschitz continuous on R", respectively) at z*. Therefore, for all ¥
sufficiently close to z*, we get

IH(Z*) — HE) — H' @) =290 = oz = 2* ) (= 0Iz" = 2*1%).  (5.3)

On the other hand, Lemma 5.2 implies that H(-) is locally Lipschitz continuous near z*.
Hence, for all z¥ sufficiently close to z*, we have

IH G = 1HE) - HEOHIP = 012" — 2517, (5.4)
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Thus, we obtain from (5.4) and the definition of p(-) that
prio < v ol HEHN? = 0(IHE) P = oI = *)1?). (5.5)
Then, by (5.2), (5.3) and (5.5), we have
25+ Ak — 2 = 1 + H' )T =H G + preit] — 2
< 1H' T [IHE) = HE) = H'@EYEE =21+ pun
=o(lF = ") (=0 = *). (5.6)
Similar to the proof of Theorem 3.1 in [30], for all 7k sufficiently close to z*, we get
I2F = 2% = OUIH ) — HEH)ID. (5.7)

Then, because H (-) is semismooth (strongly semismooth if F” is Lipschitz continuous on R",
respectively) at z* by Lemma 5.1, H must be local Lipschitz. Therefore, for all z* sufficiently
close to z*, we obtain that

IH G+ A = ol + Ak =27
=o(IZ* = 2" ) (= o(IF = 1)
=o(|HE) = HEHI) (= O0(HE") — HEHI?)
=o(|HEI) (= o0UHE)IP). (5.8)

Note that ||[H (zF)|| — 0 ask — oo by Theorem 4.2, hence, (5.8) implies that when ZF suf-
ficiently close to z*, Az = 1 can satisfy (3.3), which proves (a). Thus, for all z* sufficiently
close to z* we have

L Ry
which, together with (5.6), proves (b) and
1 =2l =0l = 21D (12! = 27)l = Ol — 27|, respectively).
Next, from (a), (b) and (5.5), we obtain for all sufficiently large k that
pirt = i+ A2 = prpo = y ol HEHIIP,
which, together with (5.7), implies that

peat  THEOIZ o(IHEHI?) (0<||H<zk—1)||4)

w THE DI~ [HEDP IH (= 1)|2

, respectively) .

Therefore, for all z¥ sufficiently close to z* we obtain that

M1 = 0(u)  (pis1 = O(up), respectively),

which completes whole proof. O

6 Numerical experiments
In this section, we present some numerical experiments with Algorithm 3.1 described in the

previous section. All the program codes were written in MATLAB and run in MATLAB
7.6 environment. All numerical experiments were done at a PC with Celeron(R) D CPU of
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3.06 GHz and RAM of 1,024 MB. Throughout the computational experiments, the parameters
in Algorithm 3.1 were set as

g0 =0.05, pp=20.05 6=09, o0=025 y=0.1.

The stopping criterion for the algorithm was || H (zX)|| < 107°.

In the tables of test results, DIM denotes the dimension of the problem (the dimension of
the variable x), SP denotes the starting point of x, IN denotes the number of iteration, FV
denotes the final value of © (zX) = || H (z)? /2 when the algorithm terminates, CPU records
the CPU time in second for solving each problem, and RESIDUAL denotes the final residual
of ||x* — x*|| when the algorithm stops, where x* is the final value of x and x* is an accurate
solution of the NCP. In the following, we give a detailed description of the test problems.

Example 6.1 Murty Problem. This test problem is the fifth example of Kanzow [31] in

Sect. 5 with n variables. The solution is x* = (0, ..., 0, 1)7. The matrix in this example is a
P-matrix.
1 2 2 2
0 1 2 2
mMm=|0 0 1 21, g=(=1,....,-DT.
0O 0 O 1

This example was also tested by Kanzow [32], Xu [33], and Burke and Xu [34]. We test this
problem by using x° = (1, 1, ..., 1) as a starting point. The test results are listed in Table 1.

Example 6.2 Fathi Problem. This test problem is from Fathi [35], which was also tested by
Xu [33], Kanzow [32]. The solution is x* = (1,0, ..., O)T. The matrix M of this example
is positive definite.

Table 1 Numerical results for Example 6.1

SP DIM IN FV RESIDUAL
(4, 1,...,1) 32 4 7.6786 x 10718 3.9187 x 1072
64 4 1.6753 x 10717 5.7890 x 1077
128 4 2.0518 x 10716 2.0248 x 108
256 5 47428 x 10719 9.7327 x 10710
512 6 3.9645 x 10721 8.9189 x 1011
1024 7 1.0697 x 10~22 1.4643 x 10~
2048 8 2.8486 x 10724 2.3877 x 10712
4096 8 6.8463 x 10713 1.1535 x 1077
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M)y =4G -1 +1, i=1,...,n;
[M];j = [M];; + 1,
(Mlij=[M1;;+1, j=1,....n—=1, i=j+1,....m
g=(-1,-1,...,—DT.

i=1,....n—1, j=i+1,...,n;

We test this problem by using x* = (0, 0, . . ., 0) as a starting point. The test results are listed

in Table 2.

Example 6.3 This test problem is from Ahn [36]. The matrix M of this example is:

4 2 0 . 0 0 —1
1 -2 - 0 0 —1
0 4 .. 0 0 -1
M = . , 4=
0 0 ... 4 -2 —1
0 0 - 1 4 —1

We test this problem by using x° = (0, 0,

in Table 3.

Table 2 Numerical results for Example 6.2

..., 0) as a starting point. The test results are listed

SP DIM IN FV RESIDUAL
(0,0,...,0) 64 8 7.5798 x 1021 8.3088 x 1010
128 8 1.1736 x 10~18 1.5451 x 108
256 9 2.3448 x 10~24 4.4385 x 10711
512 9 1.1830 x 10~13 1.2477 x 10~°
1024 10 5.7002 x 1016 9.9874 x 10~/
2048 11 1.8393 x 10718 5.9860 x 1078
4096 12 5.5722 x 10722 9.5803 x 10710

Table 3 Numerical results for Example 6.3

SP DIM IN FV CPU
(0,0,...,0) 64 5 1.4066 x 10~13 0.0286
128 5 5.9168 x 10713 0.0749
256 5 9.1990 x 10~13 0.2357
512 5 1.9198 x 10714 0.8844
1024 6 4.1281 x 10725 4.9571
2048 6 2.7852 x 10720 26.646
4096 6 7.4777 x 10714 163.59
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Table 4 Numerical results for

Example 6.4 SP N Fv
(0,0,0,0,0,0,0) 7 4.8396 x 10724
1,1,1,1,1,1,1) 7 2.8586 x 10724
(=1, —1,—1,—-1,—1,—1,—1) 6 8.5192 x 10716
(10, 10, 10, 10, 10, 10, 10) 7 2.1789 x 10716

(-10, —10, —10, —10, —10, —10, —10) 10 8.8400 x 1025

(10, 20, 30, 40, 50, 60, 70) 11 1.9157 x 10~14
(=70, —60, —50, —40, —30, —20, —10) 10 9.1518 x 10~ 13
(103,103, 103, 103, 103, 103, 10%) 13 9.8667 x 10713
(103,105, 10%, 10%, 10°, 10°, 10°) 18 9.8753 x 10710

Example 6.4 This test problem is the LCP reformulation for 76th problem in the Hock—
Schittkowski collection. Let

2x1 —x3+ x5+ 3x6 — 1
X2+ 2x5+x6 —x7—3
—x1 + 2x3 4+ x4 + x5 + 2x6 — 4x7 + 1
F(x) = X3+ x4+x5—x6—1
—X1 —2x0 —x3 —x4+5
—3x1 —x2 —2x3+x4+4
xo+4x3—1.5

This example was also tested by Pieraccini et al. [37]. The problem has the nondegener-
ate solution x* ~ (0.2727272727, 2.0909090909, 0, 0.5454545454, 0.4545454545, 0, 0).
The test results are listed in Table 4 using different points.

Example 6.5 Kojima—Shindo Problem. This test problem is the third example of Jiang and
Qi [38] with four variables, which was also tested by Xu [33], Kanzow [4], Pang and Gabriel
[39], Huang et al. [40] and Pieraccini et al. [37]. Let

3x12 + 2x1x7 +2x22 +x34+3x4—06

2x7 4 x1 + x3 + 10x3 + 2x4 — 2

3x12 + x1x2 —|—2xz2 +2x34+9x4 — 9
x12+3x22—|—2X3—|—3X4—3

F(x)=

This example has one nondegenerate solution (1,0, 3,0) and one degenerate solution
(+/6/2,0,0,1/2). The results are summarized in Table 5 using different starting points.
The asterisk (*) denotes that the limit point generated by Algorithm 3.1 is the degenerate
solution, otherwise it is the nondegenerate solution.

Example 6.6 Modified Mathiesen Problem. This test problem is the fifth example of Jiang
and Qi [38] with four variables, which was also tested by Huang et al. [40], Kanzow [4], and
Pieraccini et al. [37]. Let

—X2 + x3 + x4,
x1 — (4.5x3 +2.7x4)/(x2 + 1),
5—x1 —(0.5x3 +0.3x4)/(x3 + 1),
3 —x

F(x)=
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Table 5 Numerical results for Example 6.5

SP IN FV RESIDUAL
(0,0,0,0) 7* 5.1460 x 10~20 3.6552 x 10710
1,1,1,1) 6 1.9325 x 10~17 8.8782 x 1077
0,1,0, 1) 6* 1.4356 x 10~18 5.6248 x 10710
(1,1,0,0) 7 4.0822 x 10°18 9.973061 x 10~10
(1,0, 1,0) 11* 3.8025 x 10720 3.5685 x 10714
0,0,1, 1) 16 6.3633 x 10723 1.5152 x 10~ 11
(=1, -1, —1—, 1) 10* 7.8863 x 10718 2.0615 x 1079
(10, 10, 10, 10) 7 2.7783 x 10722 25518 x 10711
(=10, —10, =10, —10) 12 9.8099 x 10718 6.3209 x 1077
(103, 103, 103, 103) 7* 9.7271 x 10~17 1.4535 x 1078
(10°, 109, 10°, 106) 11 1.7713 x 10713 2.7334 x 1077

Note: The asterisk (*) denotes the degenerate solution, otherwise it is the nondegenerate solution

Table 6 Numerical results for Example 6.6

k

SP IN FV x
(1,1,1,1) 4 1.0547 x 10716 (0.0779, 0.0000, 0.0000, 0.0000)
(3,3,3,3) 6 1.8260 x 10724 (3.0000, 0.0000, 0.0000, 0.0000)
(1,2,3,4) 5 7.5814 x 10715 (0.7883, 0.0000, 0.0000, 0.0000)
(2,1,0,—1) 4 4.4198 x 10~17 (1.5355, 0.0000, 0.0000, 0.0000)
(10, 10, 10, 10) 6 1.5495 x 10716 (3.0000, 0.0000, 0.0000, 0.0000)
(=30, —30, —30, —30) 7 3.7697 x 10~17 (3.0000, 0.0000, 0.0000, 0.0000)
(102, 102, 102, 10%) 10 1.6217 x 10722 (0.0000, 0.0000, 0.0000, 0.0000)
(=103, —103, —103, —10%) 9 4.5414 x 10722 (0.4205, 0.0000, 0.0000, 0.0000)
(10%, 104, 104, 10%) 12 8.1585 x 10~20 (0.3125, 0.0000, 0.0000, 0.0000)
(10°, 109, 10°, 106) 21 42162 x 10720 (0.0453, 0.0000, 0.0000, 0.0000)

This example has infinitely many solutions (A, 0, 0, 0), where A € [0, 3]. For A = 0, 3, the
solutions are degenerate, and for A € (0, 3) nondegenerate. The test results for Example 6.6.
are listed in Table 6 using different starting points.

Example 6.7 Nash equilibrium model. This test problem is from MCPLIB with ten variables.
The test function F(x) = (F1(x), ..., Fio(x))T is defined by

1/y ¥4%
5000 5000
Fi(x) = ¢ + (Lixp) /P — [lo} +—— [ - } L l=islo,
D k=1 Xk Y 2kt Xk [ g1 Xk
where y = 1.2, L; = 10(1 <i < 10), and ¢ = (5.0, 3.0, 8.0, 5.0, 1.0, 3.0, 7.0, 4.0, 6.0,
3.0)T, B =(1.2,1.0,09,0.6,1.5,1.0,0.7, 1.1, 0.95, O.75)T. In the example, we take the

parameter § = 0.7, and starting point X9 (1) e; (2)10e; (3) (1.0,1.2,1.4,1.6,1.8,2.1,2.3,
25,277,297, (4) (7,4,3,1,8,4,1,6,3,2)7: (5 (5,4,3,2,1,6,7,8,9,10)7, and other
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;i::;;]e ggmerical results for Sp IN FV CPU
) 26 2.8970 x 10~13 0.0275
) 27 3.7600 x 10~13 0.0771
%)) 24 4.6561 x 10713 0.0259
“) 24 1.6004 x 10713 0.0258
5) 24 2.9653 x 10713 0.0290

I’IE‘:::EPSIG ggmerical results for Sp IN EV CPU
1) 7 1.7046 x 10721 0.0145
) 11 6.3498 x 10~17 0.0899
©) 7 7.4251 x 10717 0.0149
) 8 22719 x 10717 0.0153
5) 8 3.8764 x 10717 0.0155
©6) 8 1.0439 x 10715 0.0154
@) 10 8.2963 x 10~ 15 0.0180

parameters are same as previous example. The test results for Example 6.7 are listed in
Table 7 using these starting points (1)—(5).

Example 6.8 Hanshoop problem. This test problem is from MCPLIB. The test function is:

—Vu(x)

F(x,y,u)= 0
w

+

0

-C

B—-A

AT —aB!

CT
0
0

X
y |-
u

where v(x) = (x1 +2.5x2)” (2.5x3 +x4)? (2x5+3x6)?, 0 = 0.7, p = 0.2, w = (0.8, 0.8)7,

and
A= (2 2 2 2 2 2 2 2 2 2
- |13 322 1 1 1 05 15 05)°
B— (15 15 15 15 15 15 4 3 15
- 127 27 18 18 09 09 09 04 2
c— [ 1 1 1 1 1 1 1 1 1
o 105 15 15 05 05 15 1.5 05 05

1.5
1.5

1
1.5

]
]

In the example, we take the same parameters as ones of Example 6.7. We take the starting point
y9 = (0,07, 4% = 0,07 and x° : (1) 0.3¢; (2) (0,0.3,0.3,0,0,0.1,0.3,0,0,0.3)7; (3)
(0.3,0,0.3,0,0.3,0,0.3,0,0.3,0)7; (4) 0.5¢; (5) e; (6) 4e; (7) 8e. The test results for
Example 6.8 are listed in Table 8 using these starting points (1)—(7).

Example 6.9 Harker and Pang Problem. This example was tested by Kanzow in [41].The
matrix M is computed as follows: let A, B € R"*", and ¢, n € R" be randomly gener-
ated such that a;;, b;;(=5,5), q; € (—500,500), and n; € (0.0,0.3) and that B is skew-
symmetric. Define M = AT A + B + diag(y). Then, M is a P-matrix. For several values
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Table 9 Numerical results for Example 6.9

DIM. (n) 25 50 100 200 400 600 800 1000 2000
Max.-Iter. 13 17 18 20 21 23 24 24 27
Avg.-Iter. 7.4 9.2 9.5 10.1 10.3 10.7 10.9 11.2 13.1
Min.-Iter. 2 2 2 2 2 2 2 2 2

Table 10 Numerical results for Example 6.10

DIM. (n) 25 50 100 200 400 600 800 1000 2000
Max.-Iter. 14 15 21 20 24 24 25 26 30
Avg.-Iter. 11.8 12.8 17.3 18.7 20.3 22.5 22.7 24.1 26.4
Min.-Iter. 9 10 15 17 19 21 21 23 22

Table 11 Numerical results for Example 6.11

DIM. (n) 25 50 100 200 400 600 800 1000 2000
Max.-Iter. 9 10 10 11 12 12 14 15 15
Avg.-Iter. 7.4 8.2 8.9 9.8 10.9 11.1 12.1 12.4 13.9
Min.-Iter. 6 7 8 8 10 10 11 11 13

of n, 10 examples have been generated in this way. The maximum, average, and minimum
numbers of iterations needed by the algorithms are summarized in Table 9. In all test runs,
x%=(0,...,0)7 has been chosen as starting vector.

Example 6.10 Harker and Pang Problem. This example was also tested by Kanzow in [41].
In this example, M is computed in the same way as in Example 6.9, and g € R" is randomly
generated with entries g; € (—500, 0). Table 10 contains our numerical results, which we
have obtained using the starting vector x = (0, ..., 0)7.

Example 6.11 Pang Problem. This example was tested by Chen and Harker in [42]. In this
example, M = (m;;) is computed as follows:

6, ifi = j,

—4, fj=i—1>1lorj=i+1<n,
1, ifj=i—2>1lorj=i+2<n
0, else

mij =

For each 1 < i < n, by 0.5 probability, we generate xi* = 0 and Pseudo random number
x¥ € (0,100). If x} > 0, let y} = 0; else if x7 = 0, let y/* € (0, 100) be generated ran-
domly. Then we take ¢ = y* — Mx™. Table 11 contains our numerical results, which we
have obtained using the starting vector x0 = o,..., O)T.
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7 Conclusions

Based on the ideas developed in smoothing Newton methods, we propose a new smooth-
ing and regularization Newton method for solving nonlinear complementarity problem with
Po-function (Po-NCP). Without requiring strict complementarity assumption at the Po-NCP
solution, the proposed algorithm is proved to be convergent globally and superlinearly under
suitable assumptions. Furthermore, the algorithm has local quadratic convergence under mild
conditions. Numerical experiments indicate that the proposed method is quite effective. In
addition, in this paper, the regularization parameter ¢ in our algorithm is viewed as an inde-
pendent variable, hence, our algorithm seems to be simpler and more easily implemented
compared to many previous methods.

Acknowledgments The author expresses his heartfelt thanks to two anonymous referees for many construc-
tive proposals that improved the paper greatly.

References

1. Harker, P.T., Pang, J.-S.: Finite-dimensional variational inequality and nonlinear complementarity prob-
lems: a survey of theory, algorithms and applications. Math. Program. 48(1), 161-220 (1990)

2. Ferris, M.C., Pang, J.-S.: Engineering and economic applications of complementarity problems. SIAM
Rev. 39(3), 669-713 (1997)

3. Geiger, C., Kanzow, C.: On the solution of monotone complementarity problems. Comput. Optim.
Appl. 5, 155-173 (1996)

4. Kanzow, C.: Some equation-based methods for the nonlinear complementarity problem. Optim. Methods
Softw. 3, 327-340 (1994)

5. Ma, C.-F, Nie, P.-Y., Liang, G.-P.: A new smoothing equations approach to the nonlinear complementarity
problems. J. Comput. Math. 21, 747-758 (2003)

6. Pang, J.S., Gabriel, S.A.: NE/SQP: a robust algorithm for nonlinear complementarity problem. Math.
Program. 60, 295-337 (1993)

7. Pang, J.S.: A B-differentiable equations based, globally and locally quadratically convergent algorithm
for nonlinear programming, complementarity, and variational inequality problems. Math. Program. 51,
101-131 (1991)

8. Nie, P.-Y.: A null space approach for solving nonlinear complementarity problems. Acta Mathematicae
Applicatae Sinica, English Series 22(1), 9-20 (2006)

9. Fischer, A.: Solution of monotone complementarity problems with locally Lipschitz functions. Math.
Program. 76(2), 513-532 (1997)

10. Chen, B., Xiu, N.: A global linear and local quadratic non-interior continuation method for
nonlinear complementarity problems based on Chen-Mangasarian smoothing functions. SIAM
J. Optim. 9(2), 605-623 (1999)

11. Chen, X., Qi, L., Sun, D.: Global and superlinear convergence of the smoothing Newton method and its
application to general box-constrained variational inequalities. Math. Comput. 67(1), 519-540 (1988)

12. Chen, B., Harker, P.T.: Smoothing approximations to nonlinear complementarity problems. SIAM 1J.
Optim. 7(1), 403420 (1997)

13. Qi, H.: A regularized smoothing Newton method for box constrained variational inequality problems with
PO-functions. STAM J. Optim. 10(1), 315-330 (2000)

14. Qi, L., Sun, D.: Improving the convergence of non-interior point algorithm for nonlinear complementarity
problems. Math. Comput. 69(1), 283-304 (2000)

15. Tseng, P: Error bounds and superlinear convergence analysis of some Newton-type methods in optimi-
zation. In: Di Pillo, G., Giannessi, F. (eds.) Nonlinear Optimization and Related Topics, pp. 445-462.
Kluwer, Boston (2000)

16. Derkse, S., Ferris, M.: MCPLIB: a collection of nonlinear mixed complementarity problems. Optim.
Methods Softw. 5, 319-345 (1995)

17. Derkse, S., Ferris, M.: The PATH solver: a nonmonotone stabilization schems for mixed complementarity
problems. Optim. Methods Softw. 5, 123-156 (1995)

@ Springer



J Glob Optim (2010) 48:241-261 261

18.

19.

20.

21.

22.
23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Kojima, M., Megiddo, N., Nomo, T., Yoshise, A.: A Unified Approach to Interior-point Algorithms for
Linear Complementarity Problems. Lecture Notes in Computer Science, vol. 538. Springer, New
York (1991)

Pardalos, P.M., Rosen, J.B.: Global optimization approach to the linear complementarity problem. SIAM
J. Sci. Stat. Comput. 9(2), 341-353 (1988)

Pardalos, PM., Ye, Y., Han, C.-G., Kalinski, J.: Solution of P-matrix linear complementarity problems
using a potential reduction algorithm. SIAM J. Matrix Anal. Appl. 14(4), 1048—1060 (1993)

Zhang, L., Han, J., Huang, Z.: Superlinear/quadratic one-step smoothing Newton method for
Py-NCP. Acta Mathematica Sinica 26(2), 117-128 (2005)

Fischer, A.: A special Newton-type optimization method. Optimization 24, 269-284 (1992)

Qi, L., Sun, D., Zhou, G.: A new look at smoothing Newton methods for nonlinear complementarity
problems and box constrained variational inequality problems. Math. Program. 87(1), 1-35 (2000)
Moré, J.J., Rheinboldt, W.C.: On P- and S-functions and related classes of n-dimensional nonlinear
mappings. Linear Algebra Appl. 6(1), 45-68 (1973)

Facchinei, F., Kanzow, C.: Beyond monotonicity in regularization methods for nonlinear complementarity
problems. SIAM J. Control Optim. 37(2), 1150-1161 (1999)

Huang, Z., Han, J., Xu, D., Zhang, L.: The noninterior continuation methods for solving the Py-function
nonlinear complementarity problem. Sci. China 44(2), 1107-1114 (2001)

Mifflin, R.: Semismooth and semiconvex functions in constrained optimization. SIAM J. Control
Optim. 15(1), 957-972 (1977)

Qi, L., Sun, J.: A nonsmooth version of Newton’s method. Math. Program. 58(2), 353-367 (1993)
Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley, New York (1983)

Qi, L.: Convergence analysis of some algorithms for solving nonsmooth equations. Math. Oper.
Res. 18(1), 227-244 (1993)

Kanzow, C.: Global convergence properties of some iterative methods for linear complementarity prob-
lems. Optimization 6, 326-334 (1996)

Kanzow, C.: Some noninterior continuation methods for linear complementarity problems. SIAM J.
Matrix Anal. Appl. 17, 851-868 (1996)

Xu, S.: The global linear convergence of an infeasible noninterior path-following algorithm for comple-
mentarity problems with uniform P-funcitons. Math. Program. 87, 501-517 (2000)

Burke, J., Xu, S.: The global linear convergence of a non-interior path-following algorithm for linear
complementarity problems. Math. Oper. Res. 23, 719-734 (1998)

Fathi, Y.: Computational complexity of LCPs associated with positive definite matrices. Math. Pro-
gram. 17, 335-344 (1979)

Ahn, B.H.: Iterative methods for linear complementarity problem with upperbounds and lower-
bounds. Math. Prog. 26, 265-315 (1983)

Pieraccini, S., Gasparo, M.G., Pasquali, A.: Global Newton-type methods and semismooth reformulations
for NCP. Appl. Numer. Math. 44, 367-384 (2003)

Jiang, H., Qi, L.: A new nonsmooth equations approach to nonlinear complementarity problems. SIAM
J. Control Optim. 35, 178-193 (1997)

Pang, J.S., Gabriel, S.A.: NE/SQP: a robust algorithm for the nonlinear complementarity problem. Math.
Program. 60, 295-337 (1993)

Huang, Z.H., Han, J., Chen, Z.: Predictor-corrector smoothing Newton method, based on a new smooth-
ing function, for solving the nonlinear complementarity problem with a Py function. J. Optim. Theory
Appl. 117, 39-68 (2003)

Kanzow, C.: Some noninterior continuation methods for linear complementarity problems. SIAM J.
Matrix Anal. Appl. 17(4), 851-868 (1996)

Chen, B., Harker, P.: A non-interior-point continuation method for linear complementarity prob-
lems. SIAM J. Matrix Anal. Appl. 14(4), 1168-1190 (1993)

@ Springer



	A new smoothing and regularization Newton method for P0-NCP
	Abstract
	1 Introduction
	2 Preliminaries
	3 Algorithm
	4 Global convergence
	5 Superlinear/quadratic convergence
	6 Numerical experiments
	7 Conclusions
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


